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Phin 1. MO DAU

Dai s6 so cip bao g6m nhitng khai niém co bin cua dai s6, mot phan nhanh ctia
toan hoc. Dai s6 so ¢ip thuong duge day & cip trung hoc va duge xay dung dya trén
nhirng hiéu biét vé s6 hoc. Trong khi s6 hoc lién quan téi nhimg con sé cu the, dai sb
161 thid¢u nhitng con s6 khong co gia tri ¢b dinh, dugc goi 1a cac bién s6. Viée sir dung
bién s6 doi hoi phai sir dung ky hiéu dai sé va hiéu cic quy tac chung ciia cac phép
tinh duoc sir dung trong s6 hoc. Str dung cac bién sd dé bicu dién cac con s6 cho phép
ta biéu dién chinh xac mdi quan hé chung gitta nhimg con sd gitp giai quyét cdc bai
todn rong hon.

Cac bai toan dai s6 luén chiém mot vi tri quan trong ddi voi toan phé thong,
cing la linh vue ma cac nha nghién clru sdng tao ra rit ddy di va hoan thién. Vé da
thirc ddi xtmg, ¢6 nhitng tmg dung rong rii trong dai s so cdp. Song néu hidu rd vé da
thire doi ximg, ching ta ¢6 thé van dung kién thire lién quan dé giai dugc nhiéu dang
toan nhu: chimg minh hing ding thire, chirmg minh bat ding thire, céc bai toan vé
phuong trinh va hé phuong trinh, bai toan phén tich da théc thanh nhan tr,... ma trong
chuong trinh phd thong, cac ki thi hoc sinh gioi déu dé cap dén.

Khéa ludn nhiim giéi thiéu vé da thire déi ximg va nhimg (mg dung clia no
trong dai s& so cap. Ngoai phan m& dau va két ludn, ndi dung dugc trinh bay theo 2 chuong:

Chieong 1: Cac khai niém co ban vé da thire doi ximg.

Chicong 2: Mot s6 timg dung cua da thiee doi xieng dé giai todan so ¢ap.



1.1. Ly do chon dé tai:

Trong nhimg nam hoc tap & gidng dudmg Dai hoc, mdi sinh vién nganh Su pham
Toan déu dugc trang bi kién thite vé todn hoc cao cép, so cip. Toan so cap la mot trong
nhimg linh vuc quan trong cta todan hoc va duge ng dung nhiéu trong cac linh vue
khac. N6i vé toan so cép thi khong thé khéng néi dén nhitng linh vuc phire tap cia dai
s6 ma hoc sinh pho thong thuong gip nhu giai phuong trinh va hé phuong trinh, phén
tich da thirc thanh nhan tr, chimg minh céc ding thic, bat dang thue,... Vian dé lién
quan va thudng gip trong cac bai todn cia céc linh vuc dugce dé ciip & trén la khi bién
s6 cia da thiic ¢6 vai tro nhu nhau dugce goi 1a da thirc ddi ximg. Tinh déi xing cua da
thirc ¢6 vai tro rit quan trong trong viée gidi cac bai toan, né gilp chung ta gjai quyét

bai toan mdt cach ngin gon va dé hiéu hon.

Ban théan toi 1a sinh vién ndm cudi & truomg Dai hoe, vl mong mudn tim hiéu van
dé v& toan so cdp noi chung va dai sé so cip ndi riéng lién quan dén viée giai cc bai todn
¢6 tinh chat ddi ximg, ciing nhu trang bi cho ban thin mét s6 kién thire cho viée day hoc &
trudmg phd thong sau nay. Tir nhimg 1y do trén, toi chon dé tai: “Mgt sb ing dung ciia da

thire doi xirng vao toan so cap™ lam khoa luén tot nghi¢p cua minh.

1.4. Muc ti¢u ciia dé tai:

Pé tai “Mét sb tmg dung cia da thire dbi xtimg vao todn so cap” nham thé hién
rd vai tro cia Giai tich va Dai s6 lrong khao sat da thirc dong thoi khai thac mot s6 img
dung ctia da thire ddi ximg trong cac bai toan phan tich da thirc thanh nhan tir, chimg
minh céc ding thire va bat dang thic.... lién hé véi chuong trinh phé théng. Nhim giai
quyét duoc phan nao kho khiin khi giai cac bai toan dai s6 lién quan dén tinh déi ximng
ciing nhu thay duge tim quan trong cia da thirc dbi ximg trong toan so cap.

1.3. P6i twong va pham vi nghién ciru:

Nghién clru céc tai li¢u, gido trinh va cdc sach chuyén dé vé da thie, phuong

trinh va hé phuong trinh, cac bai bdo todn hoc vé da thire ddi xtmng, nhim hé théng cac

dang toan vé da thire.



1.4. Phwong phap nghién ciru:

Trong qué trinh nghién clu dé i, 161 di sir dung cac phuong phap phan tich,
phuong phap téng hop, phuong phép logic (tinh hé théng), phuong phap chuyén gia (cd van).
1.5. Péng gop ciia dé tai:

Dé tai dong gop thiét thue trong viée day va hoc vé da thirc ddi xtimg, phuong
trinh, bat phuong trinh, dang thic, bét ding thirc. ... trong chuong trinh todn & THPT,

dem lai niém dam mé sang tao tir nhitng bai toan co ban nhat.

1.6. Ciu tric dé tai: ngoai phdn mé dau va két luan, ndi dung duge trinh bay theo 2 chuong:
Chirong 1: Cdc khdi niém co ban vé da thire doi ximg.

Chueong 2: M6t s6 ieng dung cuia da thire doi ximg dé giai mot s6 bai todn so cap.



LOI CAM ON

Em xin gui 161 cam on ban 1anh dao Truong Dai hoc Quang Nam, ban 1anh
dao khoa Toan noi chung va cac thay co trong khoa noi riéng da quan tam va

nhiét tinh huéng dan em hoan thanh khoa luin tdt nghiép.

Em xin chan thanh cam on thay V& Vin Minh di huéng dan va tén tinh

giup d& em hoan thanh khéa luén ctua minh.

Song do han ché vé mat ki¢n thirc cia ban than nén khéa luan khéng tranh
khoi nhimg sai st rat mong sy dong gop cia quy thdy c6 va cac ban dé khoa

luén hoan chinh hon. Xin chan thanh cam on.
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Phén 2. NOI DUNG NGHIEN CUU
Chwong I: CAC KHAI NIEM CO BAN VI DA THUC POIL xU'NG
1.1. Da thirc ddi ximg hai bién:
1.1.1. Cdc khdi ni¢m co ban:

Dinh nghia 1: MOt don thire f(x, y) cua cac bién déc lap x, v (trudmg hop chung

nhdl ¢o thé 1a cic s6 phire) duge hiéu 1a ham sé co dang:
fx ) =aux'y.
Trong do, a,, la hiing s6: &, { 1a nhitng s6 nguyén khéng am.
SH a,; dugc goi la hé sO. k 1 [ dugc goi 1a bic cta don thire f(x.y), duge ki hi¢u
la
deg f(x.y)= deg[u;..x*'_v"J =k+l.
Céc so & [ twong tmg duge goi 1a bac cia don thic ddi vai cac bién x, y.

Nhu vy, béc cua don thirc hai bién bang tong cac bic cta cac don thite theo timg

bién.
Vi du: dcg(ﬁxﬁyﬂ‘): B

Dinh nghia 2: Hai don thirc cta cac bién x, y duge goi la dong dang néu béc cia
x va y tuong g ¢ 2 don thirc 1a bang nhau va hé so ctia 2 don thire 1a khéc nhau.
Nhu vdy., hai don thire duge goi la dong dang néu chung c¢6 dang:

Ay Bx*y' (4% B).
Vidu: 3x%3°.9x7y" 1a hai don thirc dong dang.

Dinh nghia 3: Gia su Ax*y'. Bx"p" la hai don thite clia cdc bien x, y. Ta noi rang don
thire Ax'y' trdi hon don thire Bx™y”  theo thirtr clia cac bién x; v néu &k = m. hodc & — m

va [ = .



Dinh nghia 4: Mt ham s0 P(x,y) duge goi la mét da thire theo cac bién s6 x, y
néu no co6 thé biéu dién duge dudi dang tong ctia hiru han cdc don thie. Nhur vay

da thitc Px,y) theo cac bién sd x, y 1a ham s6 ¢6 dang: P(x,y)= Y a,x'y’

Salem
Bac lén nhat cua cac don thire trong da thie duge goi la bac cia da thic.
Vi du: Pathiic x*y* + x’y+ )y ¢0 bdc 3.

Dinh nghia 5: Da thiuc P(x,)) dugce goi la da thire doi x{tng cua hai bién x, y néu

né khong thay déi khi ddi chd ctia x va y, nghia la: Pixy) = P(y,x)
Vidu: P(x,y)=x*+xy+y": Ox,»)=x"y+p'x

Dinh nghia 6: Cac da thitc o, =x+y; o, =xy dugc goi la cac da thirc do1 ximng

co bén cua cac bién x, y.
Dinh nghia 7: Pa thic dbi xung P(x,y) dugce goi la thuan nhét bac m, néu:
P(rx,ty)=1"P(x,y), ¥Vi#0
Vi du: Pa thie P(x.y)=x"+3* la da thie thuan nhat bic 2, boi vi
Pltx.ty) = () + (1) = (x + y°) = P(x,y)
1.1.2. Téng Iy thira:
Pinh nghia 8: Céc da thie s, = x* + y* (k= %) duge goi latdng liy thira ctia cac bién
X%y
Dinh Iy 1: Mt tong Iy thira s, =x* + 3 (ke Z) ¢ thé biéu dién dugc dudi dang

mot da thire béc £ cia o,,0, .
Chitng minh:
Ta co:

| N };;.71) 2 .rh" + _]--"" + x‘}‘!(x\"—i + ).‘A—.' ) = .S“, i ()."\."

oS =(x+y Mk

Nhu vdvtacd s, =05, —0s,, (1)



Cong thire (1) duge goi 1a cong thirc Newton, né cho phép tinh s, theo s, va

Sp_3e
Véi m=1, m=2dinh ly | dung vi:

5, =x+y=0,

5, =x+3 =(x+y) -2xy=0, - 20,

Gia sir dinh 1y da ding véi m < k. Khi do s,_, va s,_, lan lugt 1a c4c da thic bac k-1,
k-2 clia o,,0, . Theo cdng thire (1) ta suy ra s, la da thirc bac & cua o,,0,. Theo

nguyén Iy quy nap ta ¢é di¢u phai chirng minh.

Sir dung c¢ong thire (1) va céc biéu thire cta s,,s, ¢ chirng minh trén ta nhén duoc

cac biéu thure sau:

=

s, =0} —20,

83 = a’ -30,0,

s, =0, —40}0,+20]

5 3 = 2
s; =0y —50,0, + 30,0,

Ta thay ring trong khai trién ciia s, nlu sdp xép theo Iy thira giam dén cta o,
thi:
» SO mil cia o, giam dan déu hai don vi tir k xuong 0 hodc 1 tuy theo £ chan hay

k lé.

T § ok i s s |k
» SO mu cua o, tang dan déu mot don vi. tr 0 dén [51

-

» Cac hé so trong biéu dién cua §, dan dau. Hé so6 thir 1, 3, 5, ... 1a duong, con

cac hé sO thir 2, 4, 6.... la am.



1.1.3. Cdc dinh Iy vé da thitc doi xirng hai bién:
Dinh Iy 2: (Dinh 1y co ban) Moi da thire dbi xtimg P(x,y) cua cac bién x, v déu
¢ thé bidu dién duge dudi dang da thic p(o,,o,) theo céc bién o,=x+y va
o, =xy,nghiala: P(x,y) = p(o,.0,)

Chitng minh:

» X¢ét truong hop don thire ¢6 dang ex*y* khi d6 ta ¢6 ax'y* = a(x)' =ao?.

= Xét trudng hop don thire dang Ax"y" (m=n): Vi P(x.y) 1a da thire dbi ximg

nén cé sé hang dang Ax"y™. Khong mat tinh tong quat, gia sir m < n ta xét tong
£ g . 2 g

hai don thire trén ta co:
/j(.rm};ﬂ + ):Jl.)l‘ﬂl) - ﬂ)_m.}!."n (x}if.“i + }’ll IH) - /}a;’.'sh—m. 2

Theo cong thitc Newton, ta ¢6 s, , la mot da thirc cua cac bién .0, nén biéu

=M
thire trén la mot da thic cua o,.0, .
Moi da thire dbi xtmg la tong cla céc s0 hang dang ax'y’ va fx"y" (m+#n) nén

moi da thirc di ximg déu biéu dién duge & dang da thie theo céc bién o,.0, .
Vi du: Biéu dién da thire sau theo cic da thire dbi ximg co ban:

fp) =2 +x'y+2y +x9* + 5’
Ta cé:

fx,)=x+x*y+x*y +xp" 4 y°
(xF + )+ (X + 3+ (o)

S5 +0,.5, +03

1

] - 2 R
=(o} -50/0,+50,0; |+ 0, (0] - 30.0,)

- o, —40,0,

Binh Iy 3: (Tinh duy nhét) Néu céc da thic ¢(o..0,) va (o, o,)khi thay
o, =x+y va o, =xy cho ta cing mot da thirc dbi xting P(x.y). thi ching phai

trung nhau. nghia la ¢(o,.0,)=y(a,.0,).



1.2. Pa thirc d6i xirng ba bién:
1.2.1. Cdc khdi niém co ban:

Dinh nghia 9: Mot don thirc f(x.y,z) cta cac bién x, y, z duge hidu la ham sb ¢6
dang:

k_d.m

£p:2) =agx Vs

A

Voi klmeN B+ vm* =0 duge goi 1a bdc cua cac bién x, y z, s0
a,, € R duge goi la hé so cua don thic, con 56 k& + / + m duge goi 1a bic cua

don thirc f(x,y,2).

Dinh nghia 10: MOt ham s6 P(x,y.x) cla cac bién x, v, z duge goi 1a mot da

thire néu né co thé biéu dién & dang tong hitu han céc don thire:

kvfomen

Bic lén nhat cta cac don thire trong da thire duge goi la bac cia da thire.

Dinh nghia 11: Da thic P(x,y,x)dugc goi la da thirc dbi ximg néu n6é khong
thay ddi voi moi hodn vi ctia x, y, z nghia la:
P(x,y,x)=P(x,z,y)= P(y,x,z)
= P(v.z,x)= P(z,x,y)= P(z, y,x).
Vi du: Céc da thire dudi day 1a cdc da thire ddi ximg theo cac bién x, y, z
[, y,2)=x" +y' 420 =2x%y? — 24727 -2)%7*

g(x,y.z)=(x+y)x+z)(y+z)
h(x,y,2)=(x=yY(y-2)'(z=x)



Pinh nghia 12: Da thirc d6i ximg P(x,y,x) duge goi la thuan nhdt bac m, néu:
P(ix,ip,ez) =t"P(x,y.2z), VI =0
Vidu: P(x.y.z)=x"+y*+z* la da thirc thudn nhat bdc 2 vi
Plx.ty 1) =2 (x* +y* +22) = P(x,y.2), ¥t #0

Dinh nghia 13: Cic da thic o, =x+y+z, 0, =xy+yz+zx, 0, = xyz duge goi la

cac da thire di ximg co ban ctia cac bién x, y, z

1.2.2. Tong lay thita va tong nghich dio:

Binh nghia 14: Cic da thic s, =x* +)" +z' (ke Z) duge goi 1a téng 1y thua
béc k ctia cac bién x, y, z.

Dinh Iy 4: (Cong thirc Newton) V&i moi k €7, ta cd hé thire

8, =08

(3 &

oo ORI
Chitng minh: Ta ¢6

o ) R R R (x+y+;)(_x_-':-| ™ y.\' Lzt )—(.\’}-’+}-’2+1\:)(x'*_" +y1_3 "T'Z‘&_l)
+,y:(x"‘-’ Fpkdiggh 3)
=x'+yt+2' =5,
Dinh Iy 5: M tong Ly thira s, =x* + 3" +2* (ke Z) déu co the bicu dién duge

dudi dang mot da thire béc n theo céc bién o,.0,.0;.

Ta chimg minh dinh Iy nay bang phuong phap quy nap.



Duya vao cong thirc Newton ta tinh duoc:

— ‘\'
5, =3
5, =0,

3 :
8, =0y —30,0,+30;;
s, =0, —40]0, +20; +40,0,;

% 2 2 >
s, =0, —50,0, +50,0; + 50,0, ~50,0,,

Dinh nghia 15: Céacbiéuthic s, =x"+y ‘+z"*= L“LL&

x )y
la tong nghich dao cua cac bién x, y, z.

Trong cong thirc Newton néu thay & boi 3-k ta dugce:

_o o . ,
Sy =28, ——S8y 8,

- L (ke 7) duge goi

Str dung cdng thirc nay ta cé thé tim duge céc bicu thire cta cac tong nghich dao

theo cac da thirc d6i xting co ban. Chang han:

i el
s, = e
o,
)
) — 20,0,
< e B
o
I A 2
o; - 30,0,0, + 30
§ = 5 :
a;
F 2 2, 4,2 2
o i -40,0,0,+40,0; +20,0; .
4T £y

o,

Dinh nghia 16: (Quy dao ctua don thirc) Da thic ddi xing véi cic s6 hang toi

thiéu, mot trong cac so hang cua né 1a don thie x*y'z" duge goi la quy dao cia

don thire x*y'z” va duge ki higu la O(x"y'z").

. 4



Nhu vy, dé tim qu§ dao cta don thire x*3'z" ta bd sung vao don thirc d6 tat ca
- ) v }

cac hodn vicuax, y, z. VOi k=7=m, taco:

kom_! fokm un"k

()(x'“'y"z""')zx"’y'z’"+x'y Z Xyt vyt +xy 2 +x%y 2
Vi du: Qu§ dao cia don thie O(x’y)
O{x"y) =x’y+xy +x’z+x2 +y'z+ yz'

Néu trong dom thire x*y'z" ¢6 hai s6 mii nao dé bing nhau, chang han k=/=m,

thi:
()(.r“'}:*:”') xtytz™ x4 x"yt
Chang han:
O(xy)=xy+yz+zx.
O(x"yl )=ty € yiat £ 2ixl,

Cac trudng hop riéng cua quy dao:

O(x)=x+y+z=0y;

1 O(xy)=xy+yz+zx=0,;

Q

(
(
(xyz)=xyz =03;
(

O ‘c‘) ( ; )=()(z*)::.x"+y"‘+:;'.

DPinh Iy 6: Quy dao ctia moi don thircbiéu dién duge dudi dang da thire theo cac
da thire dbi xirng co bén.

Chirng minh:

¢ Truong hop 1: Quy dao co dang O(x* ) =y, (hodc ()(},--"] ;()(:")) thi theo dinh

ly 5 thi O(x"} dugc dién theo cic da thie doi xtng co ban.



¢ Truomg hop 2: Quy dao co6 dang ()(x*y’). Ta c6 cong thic:
o(x'y')=0(x*)o(y')-0(x"")  (k=1).
Néuk =1 thitaco O(x'y')=| (o(x)) -o(+* )].

Véy qu¥ dao cua don thirc dang ()(x*' y") biéu dién duoc dudi dang da thirc theo

cdc da thire ddi xtng co ban. Tuong tw cho O(x'2') va 0(y*').

¢ Trudng hop 3: Quy dao ¢6 dang O(x*y'z"}; k#1#m»0.Khidétaco

o

()(xkyfz"" ) =Xxyz [O(x”y" ) - O(x’z‘ ) + ()(y“'z"' )] =a, [O(x"y" ) - ()(x’z’ ) + ()(y“'z"' ):I

Theo truong hop 2 thi ta ¢ ()(x" y"'): O(x’z’); (_)(y“z‘) ¢6 thé biéu dién duge
theo cac da thirc dbi xtmg co ban nén O(x*y'z") biéu dién duge theo cic da thic
dbi ximg co ban.

Viy qu¥ dao ctiia moi don thirc cé thé bicu dién dugc dudi dang da thire theo cic

da thirc d6i ximg co ban. Bing cach trén ta dé dang nhan dugce céc cong thire sau:

Quy dao O(x')') biéu dién & dang da thirc theo o,,0..0,

')=070,-30,0, —0/0;+30,0;;

-
.

g ¥ L2 3 : 2
x'y )=rr| o; - 20, — 20,0, +40,0,0, - 30;:

O(x’y)=0]0, -40]0; —0)0,+70,0,0, + 205 —307;;




Str dung cong thire biéu dién tong nghich dio theo cic da thire ddi ximg co ban,

ta d& ding tim dugce cde qui dao O(x*y*). That vy ta co:

y _— ko
N TR SN LR N - - yxtt vyt O(Y J ]
LR R A e s K kK - %
b R T Xy o,

Suy ra Ofx"y* ) =05 5 s

1.2.3. Cic dinh Iy ciia da thire déi xieng ba bién:

Pink I 7: (Dinh 1y co bian). Moi da thie déi xitng ba bién x, v, z déu co thé biéu

dién dudi dang da thire theo cac bién o, =x+y+z, 0, =xy+yz+2zv, 0, =x)z.

Chirng minh:

Gia st P(x,y.z) la da thiuc d6i ximg va ax*y’z" la mot trong cac s6 hang cua

W

P(x.y.z) do tinh déi ximg nén P(x,y.z) chita qu§ dao ()(x“' y'z ) voi thira s6

chung la a.
Ta c6: P(x,y,2) = a.O(x* }:}I B(xsy:z):
Trong do. P(x.y,z) la da thire dbi ximg nao dé véi it s6 hang hon P(x,y.z).

Tuong tu. dbi vai P(x,y,z) ta cing c¢é ¢dng thiae nhu trén. Qua hitu han budc
nhu trén ta c6 thé phan tich da thire P(x,y.z) thanh tong cac quy dao. Theo dinh
I¥ 6. mdi quy dao lai la mét da thire theo céc da lh.l'IC ddi xung co ban, do do moi
da thue déi xing déu ¢6 thé biéu dién & dang da thic theo céac da thic dbi ximg

co ban.

2 1

Vidu: f(x,y,z)=x"+y" +z" =(x+y+2)" =2(xy+ yz + 2x) = 0] - 20,.

Dinh Iy 8: (Tinh duy nhat) Néu hai da thie ¢(o,.0,.0,) va w(o,,0,.0,)khi thay
g =x+y+z,0,=xy+yz+zx. o, =xyz cho ta cing mdt da thiuc déi xung

P(x.y,z) thi ching phai trung nhau, nghia la ¢(a,.0,.0,) =w(o,.0,.0,).
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D& biéu dién mot da thie ddi ximg qua cac doi xitng co ban, mdt cach tong quat
ta tién hanh theo cic budc trong chimg minh dinh Iy 7. Tuy nhién trong nhiéu
trrong hop da thire 1a thuan nhat, ta ¢6 thé dung phwong phép hé sé bét dinh. Co

8¢ cua phuong phédp nay la ménh dé sau.
Ménh @@ 1: Cho f (x.y.z) 1a mét da thite dbi xtmg thuin nhét béc m. Khi dé,

/.(x.y.z) duge bicu dién qua cic da thire ddi ximg co sé theo cong thire:

fixy.2)= Y. ayo/cios, ijkeN

1+ =3k=m
Ménh dé dugce suy ra tryc tiép tir dinh 1y trén.
Dudi day 1a mot sé truong hop riéng cla ménh dé:

fix,y,2)=a0;
fi(x,y.2) = a0] + a0y
filx.y,2)= a,o*,"’ +U,0,0, + 4,05

fi(x.,2) = a6 +a,0]0, +a,05 +a,0,0;

Trong do, a (i=1,2....)1a cic hang s6 dugce xac dinh duy nhit va dé tim cac h¢ s6

nay ta cho x, y, z nhdn cac gia tri cu thé nao do, thict 1ap hé phuong trinh véi an

la @ (i=1.2,...) giai hé phuong trinh ta tim dugc «,.
Vi du: Biéu dién da thire sau day theo cac da thire dbi ximng co ban |
Lo p.2)=(x=y)(y-2)(z-x)
Do f(x,y.z)la da thirc thudn nhét bac 6 nén theo ménh dé trén ta co:
f(x.y,2)= a0’ + a0l 0, +a,0]0; +a,0; + 40,0, + 4,05 +0,0,0,0;.

Nhin thiay rang f(x,y,z)cO bdc cao nhat doi véi timg bién la 4 nén ta co

a =a, - 0. Tacho (x,y.z) lin lugt nhin cac gid tri (0.1.-1). (0.1.1).(1,1.-2),

(-1,1,1), (1.1.1) ta tim duge a, =1 a, =-4, a;, =-4, 4, =-27, a, =18. Vay ta co két

qua f(x,y.z2) =6;0: 40, 40,0, -270; +180.0,0,.
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1.2.3. Da thirc phin déi xirng:

Dinh nghia 17: Da thirc phan d6i xtmg 1a da thire thay déi dau khi thay dbi vi tri

ctia hai bién bat ki.

Céc da thirc x—y va (x— y)(y—2z)x—z)la cac da thire phan doi xing,.

Dinh Iy 9: (Dinh ly Benzout) Gia st f(¢) la cac da thirc bdc »=1. Khi do s6 du

cua phép chia da thirc f(¢) cho t—a la f(a).

Dinh I 10: Moi da thirc phan déi ximg hai bién f(x,y) déu cé dang:
S(x,y)=(x=y)g(x, p). (D

Trong d6, g(x,y) la cac da thirc déi xtng theo cac bién x, y.

Chitng minh: Ta thiy ring f(x.y) la da thic phan dbi xtmg thi f(x,x)=0, vi

theo dinh nghia ta c6:
fxy)=—f(y.x).
bat y=x tasuyra f(x,x)=0.

Ta ki hi¢u F (x)= f(x,p) la da thic theo bién x (coi y la tham sb). Theo nhan xét
trén, ta ¢6 F,(¥)=0. Theo dinh ly Bezout, da thirc F (x) chia hét cho x—y. do
do f(x.y) chia hét cho x—y, te la:

Sy =(x-p)g(x, ).

Trong d6 g(x.y) la mdt da thire ndo dd. Ta doi chd ciia x va y trong cong thire (1) ta

e
Fnx)=(y-x)g(y.x).
Theo gia thiét f(x,)=—f(p.x) va x—y=—(y—-x) suyra
S(x, 1) =(x=-y)g(y.x). (2)

Tu (1) va(2)suy ra g(x.y) lada thirc doi xting theo cac bién x, y.

12



Dinh Iy 11: Moi da thirc phan déi xdmg ba bién f(x.y,z) déu c6 dang:
f(x,y,2)=(x-p)y-z0x-2)g(x,y,2).
Trong d6, g(x,y.z)la da thirc dbi ximg theo cac bién x, y, z.

Dinh 1y 11 dugc chimg minh tuong tu nhu dinh ly 10. Trong da thirc phan doi
xung. cac da thirc x—yp va I'=(x—y)Nx—2z)(y—2z) dong vai tro rat quan trong va
dugce goi la céc da thuc phan doi xtng don gian nhét twong g doi voi da thire

doi xtg hai bién va ba bién .
Doi vai da thire phén doi xing thuan nhat, ta ¢6 két qua sau:

Ménh dé 2: Cho £, (x.y.z) 1a mdt da thirc dbi x(mg thuan nhét bac m. Khi dé

f‘ (x~ v :) = (IT(](‘ Y. Z):
fi(x,y,2)=al(x.y,2)
fi(x3,2)=T(x, y, :)(aa," -bo,).

fi(x, v.2) = T(x, y,2)ac; + bo,o, +co,);
Trong d6 a, b, ¢ 1a cac hing so.
1.3. Pa thirc dbi ximg » bién:

[.3.1. Cdc khdi niém co ban:

Dinh nghia 18: Gia st x=(x,.x,....x,)eR". da thic f(x)= f(x.x,....x,) dugc
hiéu la ham s6 co dang f(» Z M, (x).
k=0
Trong
do, M, (x) =M, (x,.%,,....%,) = Z : PRIE oL Sl jieNi=12,..;n
Dinh nghia 19: Pa thie f(x)=f(x.x,....x,) theo cic bién x....x, duge goi la

doi ximg néu né khong thay doi khi doi cho gitra hai bién bat ky.

Dinh nghia 20: Da thire f(x)= f(x..x,....x,) theo cic bién x,....x, dugc goila

thun nhét bac m néu f(re) = f (i, ntx, ) = 1" f (060000, ) =17 F(X)
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Ki hiéu s, =x'+xi+.+x:keZ dugc goi la tong Iluy thira va

n

o,= . xx._..x lacacdathic doi xing co ban cia cac bién x,....x, .

Chang han, vé1 n=4 ta co:

Oy =X +X, + X +X,;
O = XX + X X3+ X, X0+ X, X5+ X, X, + X545

O3 = X,%5%; + XXX, + X, X0, + X, XX,
S6 céac sd hang trong da thire doi xtimg bac k bing ¢!

Dinh nghia 21: Da thic vai s hang t6i thicu, mdi so hang la mot don thirc cé

dang

”

xix’ x dugce goi 12 qui dao cua don thire va duge ki hiéu 1a ()(x,"' SR ) :
Viduvoi n=4 taco:

O(x32) = 5723 + X0x] + X[ x5 + 250 + X333 + 20X, + X3 + X% + XX, + XX + X%, + 3,73
1.3.2. Biéu dién cic tong liy thira qua cdc da thiec doi xieng co ban:

Dinh Iy 12: (Cong thire truy hdi Newton) Cac tdng liy thira va cic da thie doi

xirng co ban lién hé vaéi nhau theo ¢ong thire

[ |
=08, =05, + 05,3 —.+(-1) ko s, =k

* 1V k=

S
1.3.3. Cdc dinh Iy ciia da thitc doi xitng n bién:

Pink Iy 13: (Dinh 1y ton tai) Gia st f(x,x,....x,) 1a da thic dbi ximg cua n

bién. Khi do, ton tai da thic ¢(o.0,...0,) sao cho néu thay

G, =X, +X, ...t X, ..., 0, = X,X,....x, (hitanhdn duge da thie f(x.x,.....x,).

Pinh Iy 14: (Tinh duy nhat) Néu hai da thic ¢(o..0,,...0,) va ¢ (o,.0,.....0,)
sau khi thay o, =x, +x, +..+ X .....0, =xx,...x, cho ta cing mdt da thirc doi

xing f(x,%,,...x,) thi ¢(c,,0;....0,)=v(0,.0,....0,).
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Chwong I1: MOT SO UNG DUNG CUA PA THU'C POI XUNG
DE GIAI TOAN SO CAP

Viée gidi cac bai toan so cap s€ tré nén dé dang hon néu ta biét sir dung tinh
doi ximg trong cac gia thiét cta bai toan. Qua cdc vi du cu thé sau déy, ching ta

s& thay duge 1y thuyét cta da thire doi xtng duge dp dung nhu theé ndo dé giai

nhic¢u dang bai todn cua dai so so cap.
2.1. Phén tich da thiae thanh nhan ti:

D& v mot O bai toan phén tich da thire thanh nhan tu, ¢ d6 da thic cin
phan tich la mét da thire déi xtng doi vai céc an va biéu thic bicu dién da thic 1a
(vong doi phirc tap thi viéc tach va nhom céc hang tir chung 1a mot viée lam kho
déi voi hoe sinh. Song néu ta chuyén da thirc d6 vé cac da thire ddi xtrng co ban

ctia cac an thi viée phén tich da thirec méi thanh nhéan tir s€ don gian hon.,

Phwong phdp thir nhat biéu dién da thire da cho theo céc da thic dbi xiing co
ban. Trong phuong phép nay ta st dung cong thire tong liy thira duge trinh bay &

muc 1.1.2 va muc 1.2.2.

Vi du 1: Phan tich da thire sau thanh nhan e

E)

[ y)=2x + Ty +9x%y? + Txy’ +2)°.
Giai:

F(xy)=2(x" + 3"+ Top(x® + 37 )+ 927y
=20} —40i0, + 203 )+ To (0] - 20,)+ 90,

=20, - 0,0, - 0;

Pa thite trén 12 tam thire béc hai thcoo, nén ¢6 hai nghiém la: o, = 20/, 0, =0, do

do P

[ = Qo7 + 0,07 —a,) = (27 +2y" +5xp)(x* + ¥ +xy).



Vi du 2: Phan tich da thire sau thanh nhan tie
‘/‘(x'.}gz = (x-}-}.-._z)} ._.(),.-.}.z_.x)} —(x— z_y)3 —(,X'-i- y- Z)" <

Giai:

3

f(x.y,z):(x+y+z)3—(y—z—x)1 —(x+z- y)'; (x+y-z)
=O'I"—(0'-2,\7)3—(0'—2)-‘)3—(0'—2::)'1
=20, ~ 60 (x+y+2)-120, (xJ +y° +zl)+8(x" +3y’ +23}

=40 -120,s, +8s,
Thay s, =0} —20, Vi s, =0} — 30,0, +30, vio biéu thic trén ta duge
f(x.y.2) =40, -120(0] -20,)+8(0] -30,0, + 30, ) =240, = 24xy=

Phuwong phdp thir hai (phuong phap hé sé bat dinh): Khi biéu dién da thirc da
cho theo cdc da thire ddi xtmg co ban ta gip phai cic phuong trinh khong cd
nghiém thue. Vi vay khong thé phan tich da thire da cho thanh nhéan tir. sir dung
phuong phép hé s bit dinh bing cach cho x, y, z nhan cic gia tri cu thé dé tim

cac hé sb.
Vi du 3: Phan tich da thiec sau thanh nhan tir:

fx,v)= Izt = 8x3y - l4x2y: —8xy” +3y*.
Giai:

Fx. ) =3(x" + ¥ —8xyp(x” + ") +14x7y’
=3(o, —40]0,+20;)-80,(0] —20,)+140;

=30’ -200]0, +360;.

Déy la mdt tam thic béc hai theo o, va khdong cé nghiém thue. Vi vay ta khong
thé phan tich da thirc thanh hai nhi thue theo o, ta sit dung phuong phéap hé s6

bét dinh dé biéu dién da thire di cho & dang:

f(x,y)=3x" -8x'y + 14x7 3" —8xy" + 3"
= (Ax” + Bxy+ Cy’ )(Cx™ + Bxy + Ay”). (*)
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Ta tim céc hé s6 A4, B, C bing phuong phép hé sb bat dinh nhu sau:
Véi x=y=1,tacd (4+B+C) =4= A+ B+C =2

Nhan thay ring dang thire (%) khong thay dbi khi thay dbi dau cua tat ca cac hé 56
A, B, C thanh nguoc lai. Vi vy, khong mét tinh tong quat ta ¢ A+ B+C=2.
Véi x=1,y=-1,tacd (A-B=C) =36=4-B+( =16

Tiép theo cho x=0.y=1tacéd 4C=3

Dé xdc dinh cac hé s6 4, B, C ta chi can giai cac hé phuong trinh

[A+B+C=2 JA+B+C=2
{A-B+C=6 va A-B+C=-6
|AC =3 lAC=3

Hé phuong trinh thir nhit cho ta nghiém A =1,8 = -2.C =3. Hé phuong trinh thi

nai khong c¢6 nghiém thue. vay ta cd két qua

f(x, ) =3x" —8x'y +14x%y* —8xy" +3)*

=(x" = 2xp +337)(3x = 2xp + 7).

Vi du 4: Phan tich da thiec sau thanh nhdn tu

flx,1,2)=2x*y? +2y?22 + 220 —x* - y* - 2.
; J 5 3 }

Giai:

f(x,3,2) =20y + Y22 + 22x) = («° + y* +2%)
= 20(:{3_1,'2 ) ~5,  (thay ()(x!y:) =0, -200;: 5, =0, —40]0 + 20, +40,0;)
— 2{023 _ ’_ZO'IO';] : (o-.‘ ~dolo +20] + 40'.0'5}
=0, (-o’f tdo.o, - 80'.,).
Ta thdy da thirc trén 1a da thirc bic bén déi vai o, va chia hét cho o, . Hon nita, da thic
di cho 14 ham chén ddi véi x. y.z nén khi ta thay x bdi —x(hodc y bdi —y. hodc

zbdi-z) thi da thic khong thay ddi. do do da thic cing chia hét cho

—x+y—z, x—y+z x+y-z.Vidathic da cho la da thire bic bén nén ta co:

Sxp )=+ y+2)(prz=x)x—pr2Nxry=20Po 0 unagu QUANG N
| TRUNG TAM HOC LI
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Vi f 1a mét da thirc bac bn nén P Ja mdt hing s6 nao do.

Hing sé P duge xac dinh bing phuong phap hé sé bit dinh, bang cach cho

x=y=z=1=>P=1
Vay taco két qua f(x.p,2)=(x+ y+z)y+z—x)x-y+z)(x+y—-2).
Vi du 5: Riit gon biéu thirc

a(b+c—a)’ rbla+e=b) +c(a+ h—c)2+((l+b—c)(a+c- b)(b+c—a)
M = — : . ax
a"(b+c-»u)+b' (a+c—b)+c"(a+b—c)—(a+b—c)(b-l c—a)((H—C—b)

Giadi:
Ta thay M 1a biéu thirc déi xtng dbi véi a, b, ¢. Dt A4 1a tir s, B 1a mau so khi d6
A, B la cac da thirc doi x\rmg cua a, b, c.

Khicho a=0 hoiic =0 (c=0)tacod =0suyra A= f.abc.trong do f la mat

da thic cua a, b, c.

Mat khac, ta ¢6 4 la da thirc ¢ béc 1a 3 nén bic cua f b?mg 0 hay 7 la mdt h%mg

s6. Chon a=b=c~1suyra f=4.Vay A=4abc.
Tuong ty, ta tim duge B =2abc . Tir dé suy ra M = 2.

Tuong ty, nhu truong hop 2 bién va 3 bién thi ta bicu dién da
thie 7(x,.x;,....x,)  theo  cac bién  o,...0, bing cich  thay
G, =X + X, +0 X, 1. s O, = X,X,....X,, Sau d6 phén tich da thire da cho thanh tich
cac biéu thuc theo cic bién o,,..0,, cubi cing thay nguoc lai

G =X+ X+t X, 50000, = X X500,

n | 53
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Vi du 6: Phdn tich da thite thanh nhdn ti:

(h+ ¢y +(a+c)3 +{a+b) +(a+ d)'; +(b +d)'l +(c—.d)'1.
Giai:
Dit f(a.be.d)=(b+c) +(a+c) +(atb) +(a+d) +(b+d) +(c+d) .

Ta thdy rang f la da thirc ddi xng thuan nhat bac 3 nén khi biéu dién qua cac da

thire déi xtng co ban ciia cac bién a, b, ¢, d thi / c6 dang:
f(a.b.c.d)= 4o + Boo, + Co; (*)

Trong d6 4, B, C la cac hang sb. Dé tim 4, B, C ta ding phuong phéap hé sb bét

dinh.

s
o
<
o
q
i
9
9

o [0 | ¥ | T | 2|4 |0 |0

0T 1= 3]2|D

Thay vao (*) ta dquc hé phuong trinh

(4=3 [A-’-3
{84 +2B=12¢>{B=—6
|-2C =0 |C=0

Vay f(a,b.c.d) =30, —60,0, =30, (Of - 2()’_,)=3(a+h+c+d)(a7 +b +¢ +dl}.

Qua céc vi du trén ta thay rang khi phan tich da thirc thanh cdc nhan tir bang cich
dung cac da thirc doi x{rng co ban ta cling phai chi y dén tinh doi ximng cua cac

an, tinh chan 1é cla cac an dé suy ra cac két qua mot cach nhanh hon.
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Mt 56 bai tgp d@é nghi:

Phén tich cde da thitc sau thanh nhan tu:

1.f(x,y)=(x+y)5 -x°* -y,

2. (x+y+z) —(y+z)’ —(x+2) —(x+y) +xt+y 42t

X f(x,y,z):(x+y)3 +(y+z)3 +(x+z)3 “3(x+y)(y+z)(x+2).

4. f(x,3,2,0) =Xy (z=)(x =)+ X’ 22 = yNx - 2)+ P (y—z)(x—1)+

+ Y2 (x—-0O(y-2)+ Y (z-x)y - 1)+ 221 (x— yXz —1).
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2.2. Phuong trinh hé¢ s6 ddi ximg va phwong trinh héi quy (phuong trinh thuén
nghich):

Da thire d6i ximg la cong cu hiru hiéu dé giai cac phuong trinh dai so béc
cao, dic biét 1a phuong trinh hé s6 doi1 ximg va phuong trinh héi quy.
Dinh nghia 22: Da thuc

f(2)=ax"+a,x"" +.+a,; (a#0).

duge goi la da thire hé s6 doi xung néu cdc hé s6 cach déu hai dau bing nhau,

nghia la:

Phuong trinh cia da thire hé sé déi xtng duge goi 1a phuong trinh hé sé dbi

xing.
Vi du: Céc da thirc sau day la da thire hé s dbi xamg:
g(x)=x"+3x +4x° +3x+1;
f(z)=2°=22" =5z +122" =522 -2z +1.
Dinh Iy 15: Da thirc f(z) bac n la da thire hé s6 dbi xitng khi va chi khi

st s
z‘f’jef(:),z:tﬂ. :
\z/

Chueng minh:
# Phin thuan: Néu 7(x) la da thirc déi xtng béc # thi ta dé dang suy ra

{1}

X =1(x); x£0.

X )

¢ Neuoc lai: Gia st f(x) codang f(x)=a,x"+a,x"" ~..+a,;(a=0)
&= - o . 0 1 i

pials . Al gk ]
V@i x =0, thay x trong phuong trinh trén bang — . ta dugc
X
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(1 ,
X'fl—|=ax"+a, X" +..+a,.
X

\l

-
Lal ¢co6 x" ( - =f(x), x#0 suy ra a,=q,
\X/

a4 =a,,a,=a,,.. hay f(x) 1a da

n-le
thirc hé s6 doi ximg.

Dinh nghia 23: Céc da thirc

2n 2n- + i 1 n=| -1 L
ax” +ax "+ ra,_ "' +ax"+Aa,_ X" +..+ A ax+A"a,

2n-1

? 20 -2 =l ¥ 12 P ¢
ax” +ax’” +..+a, X rax +Aa " +A%a,_x" T+ .+ A ax+ AT a,

Trong do. a, # 0 va 2 =0 dugc goi la cac da thirc hoi quy (da thirc thuan nghich).
Phuong trinh cta da thie hdi quy duge goi la phuong trinh héi quy.
Khi 4=1 thi da thitc hdi quy trér thanh da thie hé sé ddi ximg.

Vi du: Phuong trinh 4x® = 5x° —3x" +10x" —=9x* +45x +108 =0 la phuong trinh hoi
quy v&i 2 =3, vi phuong trinh di cho c6 thé viét dudi dang:

4x° +5x° - 3x* +10x° —-3.3x* + 5.3 x+4.3" = 0.
Dinh Iy 16: Moi da thire hdi quy béc chin 2n

f=ax” +ax " +. . +a, X" +ax"+ia, x" +..+ A ax+1"q,

-l

-

A . 2y e X . . ; 5 A . N A
déu co thé biéu dién & dang [(x)=x"h(o). trong d6 o = x+-; va (o) lamotda
thirc vao do theo bién o va ¢o6 béic n.

Moi da thire hoi quy bac I¢ déu co dang f(x)=(x+2)g(x), trong dé gx) la da

thirc hdi quy béc chén.
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Cich giai phieong trinh hé s6 doi xieng va phicong trinh hoi quy:

Néu f(x) la da thirc hé s ddi xtng (da thie héi quy) bac chan thi ta xét
néu x=0 khong 1a nghiém thi ta chia hai vé ciia phuong trinh cho x”. Sau khi

chia hai vé ctia phuong trinh cho x* ta duge phuong. trinh dang

4 1 N 4 1 A 4 l\
f(x)=aﬁ| M= |+a| X" +— |~,...+a,,,,]| X+— |—a,,; (a#0) phuong trinh hé
\ x ) \ X XS
s6 ddi xang.
4 A‘.” N { /1'.'73 N /'1"\ 3
'f'(x)=a:,| x" +—”J+a,‘ ool +?J+...+a,, | x+— |+a"; (a#0) phuong trinh hdi
X . X
\ \ \ X/

quy.

re 3 Loy o LA — 1 A)
Day la phuong trinh doi ximng véi x va —| = | Bang cach dit y=~ | y= | la
X\Xx) Xy

dwa phuong trinh vé dang
./(x_ }x) = an (;\’" + };" ) + ‘Il (x":’l + }).'-‘ ! J‘— ...+ a,,_, (X )) % a'n: ((7 s 0)

Ta thiy déy 1a phuong trinh déi xiing theo cac bién x, y khi dé ta c6

/’i) ; s 5 3
o =x+=|, oy=xp=1(0,=2) va 5, =x* +y". Bang céch sur

o, =X+y=x+ |
X

|-
F—%

dung dinh 1¥ 1(cong thirc Newton) biéu dién da thitc di cho theo céc da thite ddi

xtrng co ban o,.0, sau do giai tim nghiém cua phuong trinh da cho.

Nhu viy, bang cich trén ta dwa phuong trinh hé s6 ddi ximg (phuong trinh hoi

quy) vé dang phuong trinh doi x{mg dé giai.
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Vi du 7: Giai phuwong trinh
2x% —9x" +20x° —33x" 4+ 46x* —66x" +80x’ —=72x+32=0.
Giai:
Didy la phuong trinh hdi quy voi 2=2 vicd thé bicu dién phuong trinh (im’ri dang
2x* —9x" +20x° —33x° + 46x* —33.2x" +20.2°x" -9.2'x+2.2' =0.

Ta c6 x=0 khong phai 1a nghiém cta phuong trinh nén chia hai vé clia phuong

trinh cho x* ta dugc

( 3 ¢
ZLx +]—6J—9[1 +-$ )+20(x"+i.2]—33| x+zj+46={)
X

bat y - phuong trinh tré thanh
X

?_(x" +y4)—9(x1' —y‘)+20(x2 +y2) 33(x+y)+46 =0 Xy
Ta thy ring (*) la phwong trinh d6i xtmg theo cac bién x, y.
Sir dung céc cong thire x+y =0, xy=2=0,,x +y’ =5, =0 -20, =0, -4,
X +y' =5, =0 =300, =0, -6a,, X' +y' =5, =0 —40/0,+20;, =0, —80, +8
Ta dua phuong trinh trén vé dang:

20! - 90 +40{ +2l0,-18=0.

‘a - . N . 3
Nghiém cta phuong trinh nay la o, =1, 0, =2: 6, =3: 0, = — vi
£ : ' 2

—

X+y=0,=x+—= o,| >24/2 nén ta chi nhan gilatri o, =3
o ‘

Do dé. dé tim nghiém cua phuong trinh dé cho ta gidi phuong trinh sau:

Tir cac phuong trinh trén ta tim duge cic gidtricnax la x=1; x=2.
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Vi du 8: Giai phuong trinh

2x 4 7x'" 4 15x" 4 14x° —16x7 = 22x° - 2247 —16x" +14x" +15x" + Tx+2=0.
Giai:
Day la phuong trinh hé sé dbi xtimg bac 1¢ nén c6 thé dwa phuong trinh vé dang

(x+1)(2x" +5x" +10x" + dx” = 20x° - 2x° —20x" +4x* +10x" +5x+2) =0
x+1=0

kg [ z WY 8 ! 6 5 1 3 2

[ 207 +5x" +10x" +4x" —20x" —2x" —20x" +4x” +10x° +5x+2
[x =1

| 2x" 4527 +10x° +4x" -20x° —2x° - 20x" +4x" +10x" +5x+2=0 (¥)

Phuong trinh (*) Ia phuong trinh hé sé déi xing bac 10. Ta ¢6 x=0 khdng phai
la nghiém cua phuong trinh nén chia hai vé ctia phwong trinh cho x* va bién déi
phurong trinh vé dang:

{ N \
2(x’+-]—()+5| x' iil IOI x +—1-~ |+4(x2+ 1-;J—20[.r—:l)—2=0
\ X J o\ J \ x-

x

bat y= l, khi d6 phuong trinh tr¢r thanh
x

2(3 Lyt )+5(x" 4 _,v") i IO(:(3 +_,\r‘1)+4(x2 +y2)—2{)(x+y]—2= 0.

Ta duge phuong trinh ddi xitng ¢ bic 1a § véi cac bién x, y. Str dung cic cong
thire

X+y=0; W=0,=Lx +y' =5,=0] -20,=07 -2; x* 4 y’ =5, =0, 30,0, =0, -30,
vyt =g, =0 -d0}0,+206] =0} —40] +2, * + Y’ =5, =0, -50,0, + 56,01 =0, 50
ta dua phwong trinh trén vé dang

207 +50; ~160] ~400, = 0 = 0,(20, +5)(07 ~8) =0

a =0

o =0 !
<|20,+5=0« ‘Tu:—“
(o |
o -8=10 o =2
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: 1 ‘ » o C -5 ,
Vi x+y=0,=x+—=|0,/22 nén ta chi nhan hai gid tri o, =0 =2. Do da.
X

-

dé tim nghiém cta phuong trinh d3i cho ta giai cac phuong trinh

Tir cac phuong trinh trén ta tim dugce cac gia tri x la nghiém cua phuong trinh da

cho la: x= -2;x=-—-_-1-:, x=1
2

Bai tdp dé nghi: Giai cdc phuong trinh sau

1. 9z-182°-73z* +1642° 732" -182+9=0

2. X —4x5+2x° +3x 437 +2x" —4x+1=0
2.3. Chirng minh dang thire:

bé ching minh cac dang thirc trong d6 vE phdi, vé trdi cua ding thire 1a cac
da thirc doi ximg va cac diéu kién kém theo cua cédc bién cling ¢o6 tinh chat doi
ximg, ta biéu dién cac biéu thirc trong ding thirc va trong cac dicu ki¢n theo cdc
da thirc ddi ximg co ban ,,6,,... v chitng minh ding thic véi o,,0

Vi dyu 9: Chitng minh dong nhat thite:

7 - p 2

(x+y) =x"-y'= 7xy(x+}-')(.753 +xy+ 7 )
Giai:
Theo cong thirc Newton ta co:

2 1 7

(x+y) -x' -y =0 -5; =0, (o) - Toio, +140]0] - ?o*,o*;f)
=700, +l40)a] -To,0,

=700, (o', 20,0, + o"]

=700, (0} -0, 5

=Txy(x=y) (x o )

Viy ta c¢6 diéu can chirng minh.
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Vidu 10: Cho x+y=1; x'+y =a; x* + 3 =b. Chimg minh ring
Sa(a+1)=9h+1.
Giai:

4 4 3 l_a
Pit o, =x+y=lo,=xy.Tact: x'+y' =ao s, =0, -30,0,=a=0,=—
3

Vix'+y =beos, =0’ -50)0,+50,0; =b

2
Nén b=1—51;a+5(l_ga) hay Sa(a+1)=9+1.

Vi du 11: Chitng minh rang:

>

Néeu x+y+z=xy+yz+zx=0 thi 3(173}'3 +yz + z:‘x:‘) = (x"‘ +y + z:‘) :
Giai:

Str dung cong thirc téng iy thira dbi véi 3 bién va céng thire quy dao,
khai trién vé phai véi diéu kién ctia dé bai o, =0, =0, ta co:
3(x*y’+ 2 + 2% = 30(x'y*)=3(a; +30] -30,0,0,) =903

A

Tuong tu voi vé trai ta cé:

-

(x3 +y'+ Z) S (0';1 -30.0, + 30, )2 =90,
V{ly 3(x‘y:’ +y323 +23x3)=(x3 +y3 +z‘1)2 (dem).

Vi du 12: Chirmg minh rang, néu cédc so0 thuc x, y, z, @, b, ¢ thdoa man cac hé thie

[x-t—y+.«_:a+b+c
{xl sy v =a’+h +C?

3 3 3 3 k) 1
[x' ty +zi=a +b <
thi v&i moi sO tu nhién n: x"+ )" +z" =a" +b" +¢"

Giai:
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Ki hiéu o,,0,.0, 1a cic da thirc doi x\ing co ban theo cic bién x, y, z: con

0.0, 0, 1 cic da thirc d6i xtimg co ban theo céc bién g, b, c. Sir dung cong thire
Newton, theo gia thiét ta ¢o:

o, =0, "o'l =@,
2

of =20, =w] -2, = J G, =,

o, —30,0, + 30, =& - 30,0, + 3, T, =

Khi do, véi moi ¢ tacod ¢(o,.0,.0,)= @(@,0,,0;)

Gia sa f(x.y,z) la mit da thirc ddi xing va theo dinh Iy duy nhit ta co
f(xy.2)=p(0.0,.0,): fa.b.c)=o(w.0,.0,). Tur do suy ra
f(x,-.}/’,-?):f(aabec)

Trong truwong hop riéng, ta co: x" + 3" +z" =a" +b" +¢";

YnelN.
Vi du 13: Chitng minh rang néu a+b+c+d =0 thi

a'+b' v +dt =2(ab —ca’)2 +2(ac —bd)2 +2(ad - bc)? t dabed .
Giai:

Theo gia thiet tacd o, =a+b+c+d =0 néntacd

a'+b' +ct+d* =5, =0 —40l0,+ 20; +40,0, - 40, =20, - 40, (*)

Mat khic. ta co:

2ab-cd)’ 12{ac~bd)’ +2{ad—bc) +4abed =2 O(@'F’) 60, | +40, =208 )~8o,

*(s; -8, |80,
:{af —20‘_,]-—[0,“' ~d0’o, +20, +40,0, - 40, )-8
=20; 40, (*)
Tiur (*) va (**) suy ra

a+bht et +dt = Z(Gb—cd)" +2(ac ba’): + .-'Z(ad—bc)2 +4dabed . (dpem)
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Bai tap dé nghi:
I. Chitng minh rang néu a+b+c¢=0 thi cdc dang thirc sau ddy diing:

a). a +b +c =3abe.
b).a' +b* +¢* +3(a+b)(b+c)(c+a)=0.
e).a (b+ c)? +b* (a+ c)l +e’ (a+ b)2 + ((12 +b% + ¢ )(ah +be+ea)=0.

3 2 Xt ) 2\ 1 , 232
d). a+b +¢' = 2(0“’!7“ +b¢” +cza')= = (a2 +4 —C") s
@ +b+cd’ d+b 4+ d+b 4+ a’+b +c’
e). = - . =ab¢,.————
5 3 2 2

2. Chimg minh dong nhdt thite:

1

(b—c)"' +(c—a) + (a—b)'z -3(a-b)(b-c)(c—a)=0.

]

3. Chitng minh rang néu a+b+c+d =01hi cdc dang thire sau ding:

a). (a:" +b s+ d’ )2 =9(abc + abd + acd + bcd)2 ;

b). @' +b' +c* +d* =2(ab-cd) +2(ac-bd) +2(ad ~be) +4dabed.
2.4. Chirng minh bét diing thirc:
2.4.1. Trwong hop hai bién:

Ta ¢o6 thé sit dung céc tinh chat cua da thirc doi xtng dé chirng minh nhi€u bét
ding thire. Co s& ctia phuong phédp nay 1a cdc chi ¥ sau.

Gia st 0,0, c R déton tai x.ye R thoa man x+y = o,: xy =0, thi diéu ki¢n
cainvadila A=o] 40, =0;ngodira x=y < A=0.

Muén cho x, v 1a s0 thuce khong am thi dicu kién can vadila A>0: 0.0, >0.

Gia sir da cho mét da thire déi xtimg fix,)) ta phai chimg minh ring da thie
f(x»)=0 (f(x.y)>0._,f’(x,y)<O.f(x, ¥)<0) véi nhitng gid tri thyc x, y thoa
man mot diéu kién nao do. Mudn vy, (ruoc hét ta biéu dién f(x.¥) qua o,.0,.

R&i trong da thirc tim duge ta biéu dién o, qua o, vi A=g] -4, 20, tlrc la ta
& 2 I 1 2

1 s
dat o, :Z[cr,‘ - \)

29



Két qua ta thu duoc mot da thirc ciia o, va A va ta phai chitng minh rang véi
nhirng gia tri khong am cua A va nhiing didu kién da cho vé o, thi bat ding thic

da cho la dung.

Vi du 14: Chitng minh rang néu a, b la nhitng 56 thuc thoa mén a+bzc va

¢ 20 thi ta ¢é cde bat dang thike:

Giai: Dt a+b=0,ab=0, didu kién A=0 -4, 20 la co:

3 - 3 l 3 2
a*+b’=5,=0/ -20,=0, —2.—(0,‘ - A) = lo’,‘ + - A
’ : 4 2 2

(]

c

¢,nghiala &’ +b" = =

Vi A2 0 vatheo gia thiét o, 2¢c>0,nén s, =

b | =

Mat khéc, theo bit ding thirc Cauchy ta cé:

a’+b >2‘ab —>20bl

=
m| B

Ap dung bét dang thie Cauchy cho 2 6 a’vab', taco

a'+b' = i e
(@) () 220 2
’ &
Tuong tu, ta dé dang chimg minh duge «® +5° = i;)—g.

E 2 ’ A s . ¢
Céc dang thie trén xay ra khi a=b= =

Bang quy nap ta thu dugce két qua sau: néu g+»b=¢ >0 va n la mot so tu nhién
bat ki thi ta cé:

Déu b'ma xayrakhi a=b=

NI“‘
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Lieu y: Khi cho ¢ nhén céc gia tri thuc khac nhau, ta nhdn dugce céc bai toan khac

nhau. Chang han cho ¢ =1, ta ¢6 bai toan
Chirng minh rang. néu a, b 1a cac s6 thuc thoa man diéu kién a+5b =1 thi

Nhan xét: Ta c¢d sinx+cos’x=1. Ap dung két qua wén voi
a=sin’x; b=cos’x; ¢ =1

s . l .
ta duoc sin™ x+cos*'x = =5 (ne//, )

Vi du 15: Cho a, b la nhitng 56 thice khong dm, chimg minh cdc bat dang thire

Sai.’
la-' |' = > Ii'—+ —
a. — <+ — ZNa+N
b Va

2

b. (Na+b) > 64ab(a+b)

Giai:
a) Dit va =u, Vb =v. Khi d6, bit déng thirc da cho tré thanh

2 v2
+—2zu+v hay ' +v' zuv(u+v).
‘.‘

U

-

u
Tir gia thiét ta ¢c6 w=0,v>0 dit o, =w+v, o, =uv khidd 0,20, A=0/ -40, 20
Vay
w v —w(u+v)=s,—-0,0,=0, -30,0, 0,0, =0, —40,0, =0, (of ~40,)z0

Bat dang thirc cudi ludn ludn ding nén bat dang thire ban dau duge ching minh.

b) Twong tu, ta ciing dit & =u, b = v. Khi dé. bit dang thic da cho tré

thanh
(u+ 1!)8 > 6du’v’ (u“ +v° ]
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Tor gia thiet ta co0 w=0,v20 dit o =u+v,o,=uv, Kkhi dob

0,20 A=0] —40,>0.
Suyra o, =l(0,3 ~A).
4

Bt déng thirc trén trd thanh: (u+v)" = 8uv(u® +7).
Ta co:

4 2 4
(u+v) —8uv(u" - v"') = o, -80,.5, = 0, —80, (0',2 —202)
=0, 8070, +160;

=0} -807.(of ) +16. (a7 ) =4’ 20,

Vidu 16: Cho x, y la nghiém cua hé phirong trinh:

BTN OO S |
{x +y +z° =2k (k>0)

xy+yz+zx =k’

Chirng minh rc%ng # <x,y,z< %’5

Giai:

A ; - x4y =28 -2
H¢ phuong trinh da cho < )
xy=k"—z(x+y)
Dit x+y=0,,xy =0, diéu kién A=c?-40,20 tacé:x’+)’ =5, =} —20,. Do
do

) . 6l =20, =2k -2 ([61=2z0, -4k +27 =0
Hé phuong trinh da cho < { ! ? < { Wk i

o, =k’ -z0o,

Phuong trinh o -2z, -4k’ +z°=0 c¢d A'=4k’20 nén c¢6 hai nghiém la

o, =—z*2k.

V6i 0, =-z42%k =0, =k’—z0, = k> —2(2k-z)=(k-z) 2 0.
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Tir diéu kién, ta ¢é: o7 —40, 20 = (—.‘H-Zk)z —a(k _z)z >0

< z(4k —32)20

QOSZS%. (do k>0) (%

Véi 6, =—z-2k >0, =k’—z0, =k’ —z(-2k-z)=(k+ 3)2 =0.
Tir diéu kién, ta co:

o] -4o, 20<::>(—z—2l‘c)2 ——4(k+z)2 20
< —z(4k+32)20
-4k
3

<z=0. ™Y

Két hop (*) va (**) ta duge —F <7< ‘—‘5’5 .
=

So B ; 3 = . —4k 4k
Do vai trd ciia x, y, z la nhu nhau nénta cling ¢6 —<x,y<—.
) J

Vay 3 £x,y,z< i;ﬁ (dpem).

2.4.2. Truong hop ba bién:
Cho x, y, z 1a nhimg s6 thuc bat ky ta dat A =(x- y)2 +{y- z)2 +{z— .wc)2 =0.

Ding thirc xdy ra khi va chi khi x=y=z.

Ta thdy A 1a da thire déi xing véi x, y, z va ta co:

A= 2(x2 £y +zl)—2(xy+_}iz+:f:r)
= 2(0{’ —20'2)—20:

= 2()"12 60,20
Vay o] 230,. (1)

Ta c6 thé st dung hé thire (1) dé chung minh mdt sé bét ding thie khic.
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Vidu 17: Chitng minh rang véi a,b,c >0 ta cé:

a). (ab+bc+ r:a)2 =3abc(a+b+c)

b). (a+b+c)(ab+be+ca)z9abe
Giai:
a). Theo (1) ta ¢6 (x+yp+ 2)2 >3(xy+yz+2x); x,y,zeR. Thay
x=ab,y=bc,z=ca ta dugc

(ab+bc+ ca)z > 3(azbc +ab’c+abc? ) =3abc(a+b+c) (*) (dpem).

b). Do a.b.c >0=> 0,.0,,0; >0. Ta c6 thé nhan vé theo vé cuia bét dang thie (1)
véi (*) ta duge olo: 290,0,0, < 0,0, =30, hay (a+b+c)(ab+bc+ca)z9abc.
Vidu 18: Cho a* +b* +¢* =0. Chitng minh rang {a‘ +b' +¢' =3abcl <1 ()
Giai:

Dit o, =a+b+e; o, =ab+be+ca; o, =abe . Ta co:

2
b 2 rd 2 O--—l
a +b’ +c¢’ =5,=0; -20,=1>0, ='T.

a',z~l

Do o} =30, nén o, 3. @afs3<:>|o;§5\/§.

Laico a +b' +c' =5, =0, —30,0,+30,.
Dit M =a’ +b* +¢" —3abc. Khi do. ta ¢o

M =a +b* + ¢ =3abe = 0, - 30,0, + 30, - 30,

=0, -30,0,
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3
Bit ding thic (*) twong dwong véi |30

[-55].

<l véi |o|<v3 hay

Xét da thirc f(x)=—= 2“"‘ Voi xe [-Ji J5 J

Ta o6 -3x2 +3

L xX)y=0 x=41.

p-

T'a ¢6 bang bién thién:

x —o0 —\6 -1 - 1 3 ‘ 40 |

(x)///////—o+o—

Tir bing bién thién ta iy —-1</()<le|f()sle| 220

3 -
- —, hloy re i~ -..
Viy —-'—2~— -‘~!_<_1 vdi o, e[—\f3.\-r?;_l (dpcm).
] b0 , . A f 3\
Vidy 19: Cho iy . chitng minh rang (l + 4 Ll 1 l)‘ 1»;--'-)2 [] g
at+b+c<k . ua) b/ ¢ k
Giai:
= 1 1 | GO &
bit x =—;y = —:z=—. Bai toan da cho twong duong:
a b ¢
X, ¥52>0 s k8
hd [ . .: .)
Cho 1 1 1 _ , chungminhrang (1-x)(1+y)( +z)12| 1+= |
¥ F—<k -y,
y =z
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Dit o, =x+y+z; o, =xy+yz+2zx; 0, =xyz, khido taco o,,0,.0, >0 va

11 1 o,
—+—+—=<k&—=<
X y oz o,

, 2koy.

Ta cé:
(1+x)(1+y)(1+2)=1+0, +0, + o,
Ap dung bét ding thirc Cauchy cho 3 s6 x, ¥, z ta cé:
X+y+z2 3-'\‘:59_:3 hay o, = 3{;%—, .
Ap dung bét ding thire Cauchy cho 3 56 xy, yz, zx ta cé:

xp+ yz+2zx 23Yx*y’27 hay o, 233 .

3
Suy ra 1+a, +0, +0, 21+ 3o, +3i0} +0, (1+f‘ 0'3).

Theo giai thiét, ta ¢co:

| w

ko, 20, 230} = o, =

h‘

e I (PO
= (1+95) 2(1+2].
Vay (1+x)(1+p)(1+2)=l+0,+0,+0;, 2 [l+i)"hav

/ 14 2
(1+-1-](1+1Jl1+1)zt1+3] :
aj\ b c) k
» Ap dung két qua trén vdi a=sinA4,b=sinB,c=sinC v&i 4, B, C 12 ba goc
cua mot tam gidc, ta ¢d:

. . R )
sinAd+smB+sin(’ < ——
| 2
\sin A.sin B.sinC >0
¢ s P
I 243

Suyra 1+- ” >_
\ smi}\ smB bm(/
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Bai tip dé nghi:

1.Cho a.beR. Chitng minh rang:
). 8(a' +b")z (a+b)’
i), a* +b* za’b+ab’

2.Cho a, b, ¢ la dé dai cdc canh cua mét tam gide, S la dién tich cua tam gide,

chitng minh cdce bat dang thirc sau:

a). 2(ab+bc+ca)>a’ +b +c
b). (a;' +5 +c2)(a +hic)= Q(a"' +b' +c‘)
&), d®+ B +¢? 2438
2.5. Tim nghiém nguyén caa phwong trinh va hé phrong trinh ddi xirng:

Pé giai cdc bai toan tim nghiém nguyén cua cac phuong trinh, hé phuong
trinh déi xtng ta biéu dién phuong trinh, h¢ phuong trinh da cho theo cac da
thire ddi xtmg co ban ¢,.0,,0,.... két hop véi mdt sb diéu kién cia o,,0,,0,....1a
tim duoc céc gia tri cu thé clao,,o,,0,,...Khi d6 x,y.z...1a nghiém nguyén cia

phuong trinh ( néu co):
"=t ot (-1) o, =0, n=2
Vi du 20: Tim nghiém nguyén cua phiwong trinh x* +y* +1=3xy.
Giai:
bit o, = x+ y. o, = xp. phuong trinh da cho tré thanh:

o_l\' _30.10-2 +1 =a, C}(O‘I +1)(0’;2 -0, "I—30'3)=0

’_O'I +1=0 (*)
= |
loy —o,+1-30, =0 (**)

+ o,+1=0< x+y=I1phuong trinh c6 v& sO6 nghiém nguyén co dang

(xeZ,y=-1-x).
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« 0} -0, +1-30, =0. Ta viét phuong trinh nay dudi dang o} -0, +1=30,.
Tir viée dit o, =x+y, o, =xy thi diéu kién (6n tai hai s6 x, y la o] 240,. SU

dung diéu kién nay ta cé:

-

2 2
ol -0, +1§Zcr,2 ool —do,+420

& (0,-2) <0

So0,=2=0,=1

Khi dé, ta ¢é h¢ phuong trinh

x+y=2
{t ¥ Sx=y=1
xy =1
i N [x=1 [xeZ
Vdy nghiém cia phuong trinh da cho la{ 1;{ ol
).?:-. .}J:— -X

Vi du 21: Tim nghiém nguyén cua phwong trinh:
x+y=x+y —xp.
Giai:
Dit o, =x+ y. o, = xy. phuong trinh da cho tré thanh:

2
o, —

o, =30, < (20, -1) =120, +1 (*)

T viée dit o, = x+ y, 0, = xy, ta cd diéu kién ton tai hai s6 x, y 1a o] = 40,.
: : f Y, 0, =X} : 1 2

2 3 )
Suy ra o] -0, SZG;‘ So;-40, <0050, 24 (*)

-
Tur (*) va (**) ta ¢o hé phuong trinh J("C’: 1)
0= =4

Giai hé phuong trinh trén ta tim duge cac nghiém nguyén

3
|
q
[
(-
S
o)
9
I
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Thay x+y=o0,, xy =0,ta tim dugc cdc nghiém nguyén cua phuong trinh da cho

J'x=0‘ x=0 [x=1_ [x=1 x=2 [x=2

p=0" [y=1" |p=0" |p=2" |y=1" |y=2
Vay phuong trinh dé cho ¢é 6 nghi¢ém nguyén la (0,0); (0,1): (1,0); (1.2); (2,1);
(2,2).

la

Vi du 22: Tim cdc 56 nguyén x, y, z sao cho

Jx+y+z=6
;2 +y2 +2z° =36

xyz=6
Giai:
Dit o, =x+y+z, 0, =xy+yz+2x. 0, =32,
Taco x*+y’ +2° =y, =0, -30,0, +30,.
H¢ phuong trinh da cho trd thanh

c,=6 o, =6
o) -30,0,+30, =36 <10, =11

o,=06 o,=6
Tur do. ta co x, y, z la nghiém nguyén ctia phuong trinh

' —of +o -0, =0 -6 +111-6=0
t=1
<> | 1=2
1=3

Vay cdc s0 nguyén cdn tim 1a 1, 2, 3.
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Bai tap dé nghi:
|. Tim nghiém nguyén cua phwong trinh x* +y* ~2(x+y)=0.

e ; 3 g ] 1 1 y . - .
. 2. Chitng minh rang phuong trinh —+—+—=1 khdong c6 nghiém nguyén

X xy y

dirong.
2.6. Mot s6 phwong trinh va h¢ phwong trinh dbi xirng & phé théng:
2.6.1. Mt s6 phuwong trinh déi xieng voi hai biéu thirc:

Trong muc nay ching ta chi xét cac phuong trinh déi xing d6i voi hai dai
lvong ma tong va tich cua ching (0,.0,) co thé biéu dién qua nhau duoc.
Trudmg hop dic biét trong cic dang nay la tong va tich ctia chiing 1a mot hang sd.
D&i v6i cde phuong trinh loai nay ta thudng dat tong hodc tich ciia ching béi mét

an phu dé dua vé mét phuong trinh dai s6 don gian hon roi giai.

. ¥ - PR |
2.6.1.1. Phieong trinh doi xung doi voix va —:

X
Cdach giai: Xét phuong trinh doi ximg dang
n -1 ! |
ax’ +ax" +.a,+a,,—+..+q—+a,—=0
X e X
( 1Y i S (1)
= ar,] X" — |+a | X"+ — +...+_a"_,\ X+ |—a,, =0: (a#0)
\ X \ X \ X/

% I .2 ; ¢ 1 PE 5 25 G = & lz # piea
Ta thay rang biéu thirc x' +— (k= 2) doi ximg doi voi x va — nén nd co thé
X x

cpl e 1 e 4 1 ;

bicu dién duge qua o, =x+— va o, =x.—=1.Datanphu r=c, =x+— ([f{|=2) thi
JC {4 n ; 2 v 1 MY

phuong trinh da cho s& dua vé phuong trinh da thie bac » d6i véi bién ¢, giai tim

f tr do suy ra cac gia tri cu thé cua bién x can tim.
5 Z : . P R Ay n Ry i b e o
Luru y: Néu ta st dung cong thire tong luy thira dé biéu dién x™ +— (k= 2) qua
X

S| o T, T SRS R
cac bién o,.0, vdi viée diat y=— thi viéc bicu dicn cua ta s€ trd nén dé dang
X

hon.
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Vi du 23: Giai phuong trinh

. 1 N
x’+—,——x‘-L2—x——1~+8=0.
X X X

Giai:

pat t= i (Jt|=2). Ap dung céng thirc tdng liiy thira voi y = ! , la ¢o:
X x

5 +%=!(!2—3); x2+;—=t7—2.

Phuong trinh da cho tré thanh:

£ -1 —4!—6:0@(:—3)(12+2t+2)=0®t=3.

un ) 1
Voir=3tacd x+—=3& x =
X

3445
e

3-J5 . 345
> 1"

Véy phuong trinh da cho ¢6 hai nghiém 1a x = > va x =

Vi du 24: Tim gid tri nho nhat ciia biéu thice

o 1 ( 5 1} 1
y=x'+—-x'+—[+x+—.
2 x %
Gidi: 3
] . . 4 l 4 2 2 1 2
bat r=x+— ([f{=2). Khido: x'+—=r'-47+2; F+5=0-2
X X X
Thay vao biéu thirc y ta duge
y=t'=5+1+4 (||=2)
Taco: y'=4r —10r+1=2¢(2r - 5)+1

*Néu r22 thi 22 =523 nén »'>0.

» Néu r<-2 thi (2’ -5)<-12 nén y'<0
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Ta ¢é bang bién thién sau:

00

"

V -0

2

N
N\

T dé suy ra miny=-2 khi t=-2 hay x=-1.

Ngoai ra. trong chuong trinh phé théng ching ta dd hoc phuong trinh thuén
nghich (phwong trinh hé s déi xtng) vi da trinh bay cach giai & trong muc 2.2 &

day chung ta chi x¢t vi du sau.
Vi du 25 : Hay xdc dinh tdt ca cde tham s6 m sao cho phiwong trinh
16x' —mx' +(2m+17)x* —mx+16=0 c6 bon nghiém thue lGp thanh mét cap s6
nhan.
Giai:
Phuong trinh da cho la phuong trinh hé s& d6i xtmg bac 4 va x = 0 khong phai

la nghiém nén chia hai vé ctia phuong trinh cho x°, ta dua phwong trinh vé dang

o 17 {
16| x* +— |-m| x+

\
3 —LJ+2m+17=0.
L x LooXx

Dat r=x1 : . |t/=2 phuong trinh tr& thanh 16* —mr +2m—15=0.
X

Gié sir phuong trinh ¢6 boén nghiém thye lap thanh mét ¢dp s6 nhan. Khi dé. (*)

phdi ¢ hai nghiém thuc duong.

Gia sir phuong trinh (*) ¢6 hai nghiém ¢, 1, va ¢; cho ta hai nghiém x.: —: ¢, cho
X,

=1.Khi do, ta

: s | A - 2 ; S .
ta hai nghiém x,: —. Khdng mat tinh tong quat, ta gia sar x, = x,
» 11l =|

G G inge Wi 1 1
¢O cdp 5O nhin x,x,,—,—-
% X
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s p £ - 4 £ R, 4 2 3 1 1 1
I'heo tinh chét clia cap so nhidn “L=x; = x,=x; D x, +—=x+—=1 =1, =31,
%5 X =

Mt khac, theo dinh 1y Viétta co ¢, +1, = '1%‘ %= 2”11—6—13 '

Tir d6, ta tim duge m =170, phuong trinh da cho tré thanh

16x* —=170x* +357x* =170x +16 =0 phuong trinh nay c¢6 bdn nghiém thuc lip

| e Kook A1 1 feoa - 1
thanh mot cap so nhén la 8, 2,5, voi cong bdi g=-.
¥

Ul | —

Vay gia trj cua tham s6 m=170.

Bai tap dé nghi:

; L oo 2 A
1. Gidi phwong trinh sau: x* + — —3| X +—= +7| X+ |—4 =0.
X \ x/) N Xy

2. Tim tat ca cdce gid tri cua m sao cho phueong trinh x* +mx* + x> +mx+1=0 c6

khong it hon hai nghiém am khdac nhau.
2.6.1.2. Phuong trinh doi xitng voi cosx va sinx:
» Dang: a(sinx+cosx)+bhsinxcosx=e
Cach giai:

{ A . 3

293 2 N ¥ i = i J e T
Dit sinx +cosx =0, =¢; va ta cO sinx +cosx =v2cos| x— = | =+/2sin (x+'z |
\ / N /

I . i . ) %=1
nén diéu kién ctia ¢ 1a || =2, khi dé ta ¢0 sinxcosx = o, g

Phuong trinh da cho trd thanh: b1* + 2ar — b - 2¢ =0 (*)

Ta thdy ring (*) la phuong trinh bdc hai theo 4n 7, giai phuong trinh ta tim duge t

4 N
sau do so sanh véi diéu kién !f[«;\.-":. giai phuong trinh 2 cns' TS |:1 hoéc
\| 4y
| =2 ( T \'
V2sin| x+ T i:t ta tim duge nghiém cua phuong trinh da cho.
\ /

43



Ngodi ra, & phé thong chung ta cling thudng gip phuong trinh lugng gidc gia

doi xing theo sinx va cosx:
* Dang : a(sinx—cosx)+hsinxcosx=¢

1=
=,

Cdch giai: Dit sinx—cosx=1; |f|< V2. khi dé ta ¢6 sinxcosx =

Phuong trinh dé cho tré thanh: bt —2ar —b+2¢ =0 (*¥)

Twong tu, ta tim dugc bién ¢ sau d6 gidi phuong trinh 2 cos(x *%J =t hoac
T 3 . . a 5 N

V2 sin x—-;J =¢ ta tim dugc nghiém cua phuong trinh da cho.

Vi du 26: Giai phicong trinh: N2 (cosx+sinx) = tanx +cotx (*)

e ek 1ea. |SINXZO P
Giai: Dicu ki¢n [ > xEk
Icos x#0 2
.7, A (o sinx cosx
Khi dé (*) & V2 (sinx+cosx)=——+ =
cosx sinx
3 (e 1
<> 2 (sinx cosx)=_._ e (%)
sin x.cox

Dat t = sinx+cosx=v"asin(x -&%J; |1|5\5 va 1* =1, khi do sinxcosx = el
\ &
13 I~ 2 I~ .3 N
(**) tré thanh: 21 = '«—]C> V20 =2t-2=0
’- -
N (1 \-'P)(\-"Eﬁ +21 +\."2) =0
o= \."E
= ( rid A ! T A
Taco (¥) =2 sin| X+ ‘; | =2 < x=—+k2m, ke Z thoa man diéu kién.
\ /

A 3 % o T s 2
Vay phuong trinh da cho ¢6 mét ho nghiém la x :Z+ kK2rn, keZ.
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Vidu27: Voi gia tri nao cua m thi pﬁu’(fng trinh sau day co nghiém:
2(sinx+cosx)—sin2x+m=0
Giai:
Phuong trinh da cho tvong duong: 2(sinx+cosx)-2sinxcosx+m=0 (1)

3

Dit 1 = sinx +cosx =+/2sin (x+» J | = V2. Khi dé phuong teinh (1) tré thanh

™ 4
£-2-1=m (2).

Phuong trinh (1) ¢é nghiém <> phuong trinh (2) ¢6 nghiém ¢ ¢ !——\;5,\/5].

Pit f(1)=¢ -2t -1, khi d6 min /(1) <m < max f(1), ¥t e |:-\5, \5]

Tacod f(1)=2(t-1)= f()=0e1=1

I.ap bang bién thién:

t 1 A +00
f() '

_— //,
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Vi du 28: Tim m dé phwong trinh sau day ¢6 nghiém: 1+ 2cosx +14sinx =m

Gidgi: Pat y=+1+2cosx ++l+sinx,taco y=0.

- & = ]'|‘2 ¥ “XZO Sy
Ham s6 xac dinh khi L_m o X ika<x< 2—751 kK2n, ke
1+2sinx=0 6 3

2

S - t
bat r:sin.x+cosx'=\)2cos| x—-ZJ; |t|£xf2_. khi d6 sinxcosx=——.
N

i 2 -5 7
Do —675+k2n’£xs-'137£+k2n-<:>—3—7£+k27r.§x~%$—51+k27r

\ 3\
= cos[s—?r 'Scos(x-—£ <1
12 ) 4 )

= Vrfcos{—l—';—] < \f'r2—c0s{x ——%J <l

a

St ( 3-1
Mat khac, ta lai co: cos[—— |— cos| Z+Z |=cosZcosZ—sinZsinZ \.5.\;3 3
\6 4 6 4 6 4 4

= 7 \3-1
< \,"'2(.'08(.1'-/— = V'ré_ ha} - < <2,
W Ay 2

2 _
Suy ra s Ll

Phuong trinh da cho ¢6 nghiém khi va chi khi miny <m <max y.

Taco: y* =1+2(sinx+cosx)+ 2\’."(1 +2cosx)(1+sinx)

=1+ 2(sinx+cosx)+2\."1 +2(sinx-:-cos.r)+4sin XCOSX

=14+20+2,1+20+2(F -1)

[ ‘—-fri-—- — )
=14 20424207 + 21 -1 (le g 1\.2](

\ L 2

4 Faars A

o — N3-1 =)
Diat f(H)=1+2t+2\21°+2t -1 |1e .VZ] :

2

\ L /

Khi do f'(l):z‘.,‘.“—;2>0, ve| 27 2
N2+ 261 2 |

‘\

_H]
Vay f(r) dong bién trén (\' > =l A2 |
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R . . \1’3—1\ f g . | '
Suy ra min f(1)= f = ’ =1+N3 = miny=+1++3.
X = /

max f(t)= f(§2) = 4(\5 + 1) = max y = 2{1++2.

Vay dé phuong trinh ¢d nghi¢m thi 41 +3 <m < 2y1+42.

3 Le -~ re s \
2.6.1.3. Phuwong trinh doi xirng vai sin’x vi cos’x:

» Dang: a(sin® x+cos™ x)+bsin’ xcos’ x=c; m=1
4 ‘e - PYIR | 2 1 -2
Cach giai: Pat t =sin” xcos x=zsm 2x, te [0,1].

Ta o sin’ x+cos’ x =1 phuong trinh da cho trd thanh phwong trinh dai sé theo 4n
phu ¢. gidi tim ¢ ddi chi¢u dicu kién sau do suy ra nghiém cta phuong trinh da

1-cosdx

cho. Mit khéc, ta c6 sin” 2x = nén ta ciing ¢6 thé dit ¢ = cosdx, e[-11].

Khi do phuong trinh dd cho cling tr¢ thanh mét phuong trinh dai s6.
Vi du 29: Tim m dé phicomg trinh sau déy c6 nghiém

4(sin‘x + cos4x) -4 (sin"x + cos"x) —2sin’2x=m.

5 .2 2. \2 Sy SRR L a
Giai: Ta ¢o sin*x+cos'x =(sm X+ cos :c) -2sin” xcos x:l—;—)—sm 2% .

P

!’ . 2 2:\BY g 2 7 3o 2
(sm X+cos x} —3sin“xcos” x| =1- Zsm 2Xz

I ]

sin® x + cos’x = (sin2 X+ cos"’x)

. 3 S A a0
Bit ¢ =sin” xcos” x = E—sm‘ 2x, t€[0.1] phuong trinh da cho tr¢ thanh:

S I T OO
4(1—=t -4 1-=1|-2t=m>—t=m
\ 2 ) ¢ 4

Do 0<¢<1 nén phuong trinh da cho ¢é nghi¢m khi va chi khi ~1<m<0.

Viy me[-1.0] thi phuong trinh da cho ¢6 nghiém.
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Bai tap dé nghi:

—
[}
[}

o AP A L T h s e i
VIt sinxcosx.

[R—

. Giai plurong trinh. sinx +cosx =
3

bo

. Cho phurong trinh sin' x +cos’ x+ msin2x =1.
a) Giai phwong trinh khi m=3.

bj Voi gia tri nao ctia m thi phiecong trinh da cho cé nghiém.
32

,
o 2 . 1 : S 25

3. Giai phicong trinh: (sm" X +— | #leostx+—— | =22,
sm-x,/ \ Cos™ x ) 4

+

. Cho phwrong trinh: sin®x +cos’x = m(sin‘x - cos"x)‘

a) Giai phuong trinh khi m Sz
)

b) Tim gid tri cia m dé phirong trinh @ cho cé nghiém.
2.6.2. Mt s6 hé phuong trinh doi xieng:

Trong phin nay ching ta nghién ctru nhimg tng dung cla da thirc déi xing
trong viée giai hé phuong trinh dbi ximg, ma chu véu 1a hé phuong trinh hai an.
Do la:

« Hé phirong trinh déi xtrng loai 1.
« Hé phuong trinh déi xing loai 2.
2.6.2.1. H¢ phwong trinh doi xieng loai I':

(x.)=0
4 Dang: H¢ phuong trinh J‘f[\' ¥)

1a hé phwong trinh ddi ximg loai 7 néu
lg(x.3)=0

[fG,3)=f(3.x)
Lg(x. ) =g(y.x) ‘

-~ s - 'X+.]’"=(TI:S'
Cach giai: Dit 4

\Xy=0,= P
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Diéu kién dé ton tai x, ye R thoa min hé nay 1a $*—4,2>0

Ta biéu thi hé da cho theo S va P, khi d6 x, y 1a cac nghiém ciia phuong trinh

t* —Sx+P=0. Tu dé ta tim duge nghiém cta hé phuong trinh da cho.

Néu hé c6 nghiém la (a,b) thi do tinh chat doi ximg nén hé cling c¢6 nghi¢m la

(b,a) Vay hé co duy nhét nghiém khi x = y.
Luwu y: Hé phuong trinh c6 nghiém khi va chi khi S*-4P=0, v4i S =4P thi

x=y=—,
5 2

Vi du 30: Giai hé phuong trinh:

x+y+xy=11
g+£+xy =11
x y

Giai:
H¢ phuong trinh da cho tuong duong voi hé

x+y+xy=11
6(x+y)+x"y =1lxy (¥

xy =0
[x+y=0c=8 ; . e
pac<” 7 =777 (5*-4P20). Khi d6 (*) tro thanh:
xy=0,=°F
(S+P=11 S=11-°
6S+P =11P |6(11-P)+P" =11P [$=5
=
‘P¢0 P#0 P=6
S2-4P20 S§*—4P=0

.
. .

Il
S )

x| : y oo g {
Tir d6, ta ¢ x, y 1a nghiém cua phuong trinh " -5Sx+6=0< [
i

I
R

Viy hé phuong trinh dé cho ¢6 hai nghiém la (2. 3) va (3, 2).
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Vi du 31: Gidi va bién lugn phuong trinh sau theo tham sé m

s
(Xy+x+y=m=+2
X y+xp’ =m+1
Giai:
xy+x+y=m+2

H¢ phuong trinh da cho tuong duong l ( —
xlx+y)=m

c+y=0,=8 , ,
bit 2 : (.9‘—4]’20), hé¢ phuong trinh tré thanh:
xy=0,=F

‘S‘:].

[S+P=m+2 P=m+1
o

1;3'P=m+1 S=m+]

P=1

*)
(**)

A T ” S =] N
+ Giai hé phuong trinh (*): {P =S5 -4P=-4m-3

=m+1

24 ] _3 A \ ~ - . A
-Néu S -4P<0=m> ik h¢ phuong trinh da cho vé nghiém.

NI—
r\)]—
\_/

-Néu S’ —4P=0=m= ;4'3 hé phuong trinh da cho c6 mét nghiém (
\

-Néu S2—4P>0 m< _T’ , hé phuong trinh da cho ¢é hai nghiém

( 1—v—4m—-3 1+y—4m-3

‘7!
L 2 % )

\_ (1 + \-'(—4m -3 1—+—4m-3
- L) l
2 2 il

S = 1 ~ 3
t Giai hé phuong trinh (**):'{P _THL =8 —4P=m" +2m-3=(m-1)(m+3)

-Néu §7—4P <0< -3 <m<1, hé phwong trinh di cho vo nghiém.

m=-3=>x=y=-1

-Néu 87 -4, -0 @[ . hé phuong trinh da cho cé hai nghiém

(-1,-1); (1,1)

m=1 =>x=y=1

50



vy sy m<-=3 .. goig g s
-Néu §*-4P>0x L hé phuong trinh da cho ¢6 hai nghiém:
m=

. 2 i
Xl = 2 FARRN

/ {2 ~ {3 I i | o | 2
| m+l—ym - +2m-3 m+l4 vm‘+2m—3]_ ‘ m+1+n’ +2m=3 m+1-Jm’ +2m=3
b ’ 2

2

K&t fugin: + Néu m > 1, hé phuong trinh di cho ¢6 hai nghiém

T fra =
rzrz1 1o +2m=3 m+1+vm’ +2m=-3

3

2 2

L

+ Néu m =1, hé phuong trinh d3 cho ¢6 mét nghiém (1, 1).
+~ Néu %3 < m <1, hé phuong trinh da cho vo nghiém.

s = N
= Néu m= —4:1 . h¢ phuong trinh da cho c6 mét nghiém {—;-; | :

P Néu -3 <m <%’ hé phuong trinh da cho cé hai nghiém:

b

2

( 1——4m "';l 1+ —4m -3
L 2. 2

[1 +N—4m-3 1-J-4m-3 )
2 ; J

+ Néu m = -3, h¢ phuong trinh da cho ¢6 ba nghiém

(~L-1)

(1=v=4m-3 1+ -am-3 ‘|_ [1+\f"—4m—3 1—~=4m-3)
e 2 ‘ g X »
+ Néu m < -3, hé phuong trinh da cho ¢6 bén nghiém

N [—4m—3 1—v'—4m—-3\3
s Rl in

2 - 2 Pl B 2

Ix]_v-'_m il [red-An-

\

{ R T | T A
m=1=vm" +2m=3 m+1+vm +2m-3

2

TR D
malavm +2m-3 m+l—-m +2m=-3

/ TS T
Lm +1+dm? +2m=3 m+1-\m* +2m-3
> 3

-

2 : 2

; 2

&y N
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DI vai mot sd hé phuong trinh v6 ¥ hay hé phuong trinh 16garit, hé phwong
trinh mil, hé phuong trinh lugng gidc, ... thuge hé phuong trinh déi ximg loai 1 ta ¢6
thé dat 4n phu dé chuyén hé phuong trinh da cho vé hé phuong trinh da thire déi ximg
ddi véi an phu.

s

s e
5 ST A . VX H4[y =2

Vi du 32: Giai hé phrong trinh J __v —

|Vx+5+y+5=8

, Y > \ - . o in |20
Giai: Dicu kién cia hé phuong trinh da cho ¢6 nghia la { S5
y=
Vrax+s+ \."; +4y +5=13

+5—‘V{;" 5_‘\1"';:3

H¢ phuong trinh da cho<
VX VYT

[\.GJ» Nx+S +Vl";+v’}-'+5 =13
<'_>) 5 5

T =3
[\-rx+\/x+5 Y +fy+5

bat u:-\.-'r;-l—\,'x+5; v=.\."'}—!+\;'y+5; u,vzxfg.

Khi do hé phuong trinh da cho tr¢ thanh <5 5
—+==3 uv = 65
u v

u+v=13 o
u+v=13
o

i'. 39 \,'.rﬂi
(126 = ——
| 2

39—\,'.'7?]'
y="-

2

; 39— v'fm
2
cho vo nghiém.

\Y <+/S nén hé phuong trinh (*) v nghiém, do d6 hé phuong trinh da
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x+y=a
Vi du 33: Giai va bién ludn hé phwong trinh {2‘ }21' ; *)
+ —|

Giai:
- Néu <0 thi hé (*) vo nghiém vi 2" +2* > 0, ¥x,yeR.

- Néu b = 0. khi dé:

2°4+2V =p
(fad E—
2524 =2

b— 2X = 1

bat % = R u; u,v>0
p=2r y=log,v

Khi do hé phuong trinh trén tr¢r thanh

u+v=~h
uv=2" (*%)

w, v >0

-Néu »*-42°<0e h<y2°? = hé (**) vo nghiém, do d6 hé (*) vo nghiém.

- Néu b —42" =0 b=~2"7 = hé (**) c6 mdt nghiém u=v=v2° nén hé (*)

¢6 mdt nghi¢m x =y =log, (v2° )= %

-Néu p* —4.2° >0 < b>+/2% = h& (**) c6 hai nghiém

(h-- fb2 _29+2 b+\|jb2 _2(102 \‘ :(f)+\f[;‘1'~—-i'“; b_\!,;?.-_zrui ]
2 ; 2 I’ | 2 ’ 2
\ VRN /

Nén hé (*) ¢6 hai nghiém

3\ 3

2 2 Vea 5 2 5 ’ 2 > i

\ VAN )

3
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Két lugn:
-Néu 5<0 hogic b <27 thi hé da cho vo nghiém.

- Néu b =~2""" hé phuong trinh di cho c6 mdt nghiém (%%\ &
\ /

-Néu b> 22 h¢ phuong trinh da cho c6 hai nghiém

b _\!b'l 27 20-1 b + #b2 o 2<?+2 { bt th i 20+2
log, .log, ; | log, ———.log,
L 2 2 o 2

Vi du 34: Giai hé phwong trinh

log, (3x+5y)+log, (3y+5x)=4
log, (3x+5y).log, (3y+5x)=4

Giai:
Diéukién 0<x,y=1.

bat u=log, (3x+5y), v=log, (3x+5y) (1). Khi dé hé phuong trinh da cho tr&
thanh

Thay vao (1) ta co hé phuong trinh

~

I
b

I

Jlog_‘. (3x+ 5}') =2 {3x+5y =5 [x
L — =

|log, (3x+5y)=2 " |3y+5x=)7

Do x, y = 0 nén hé¢ phuong trinh d& cho chi ¢6 mét nghiém (8.8).
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A ’ A A N . A - A . I .

Do6i voi mot s6 phuong trinh da thic d6i xing d6i voi §f(x)-a va

| TR P y aan put ’ R 1 & pEa— . I3 ppwn AR

4/b— f(x)ta c6 thé giai bang cach dat an phu w=4f(x)—a va v=4{b- f(x)dé

dira phurong trinh vé dang hé phuong trinh d6i xtmg loai 1 vdi cae an u, v dé giai.
Vi du 35: Tim m dé phicong trinh sau ddy cé nghiém

VxX+3+J6-x - \;(r - 3)(61 r) =m

Giai:

v=a6-x

. |lu=+x-3
Dit { cuvz0

Phuong trinh da cho tré thanh

Htv-—uv=m
2 2
uw+v.=9 (%)

w. v =0

Phuong trinh da cho ¢6 nghiém khi va chi khi h¢ phuong trinh (*) ¢é nghiém. Ta

nhan thay rang hé (*) 1a hé phuong trinh déi xtng loai /.

[S — U4V

Bigs 1_1’ =uy

Khi dé hé (*) tré thanh

S—-P=m [P=S-m P=S—-m P=S—-m
§'-2P=9 |§*°-2AS-m)=9 520 o= 946
<8§=0 <:><:S2() oS Em <:>J'S2m & — +26‘
| —_—
P2=0 S=m ST=28-2m-9-0 |S=1+J10-2m
S*_4p 9-2(S-m)=0 +2
|S*—4P =0 | (S —m) Ss?) 2m lS<9+2m

If\)

L e ¢ % s f ek T 1)
Vay hé phuong trinh da cho cé nghiém khi va chi khi T\ <m<3.
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Bai tip dé nghi:

1. Gidi cac hé phuong trinh

o ‘1 L
xJV+pdx =30 g Vg
% {\.J ,\!_ ) b) X Y
X X+y\.y=_)5 ]logz(l—x).logz(l—y)z_?]

2. Tim m dé hé sau déy c6 nghiém duy nhat

2

S(x+y)-dxy=4 b) X+y+xy=m
*+y'=m

x+y—-xy=1-m

3. Giai cdc phuong trinh sau:

a) x4+ 17=x2 +x\17-x2 =9

b) I12-x+14+x =2
4. Tim m dé cdc phuwong irinh sau cé nghiém:

a) Vd—-x+J5+x=m

b) Vm-x+Jm+x=m
2.6.2.2. Hé phuong trinh doi xieng loai 1I:

fxy)=0

1a hé phuong trinh ddi ximg loai 2 néu
2(x,y)=0

m Dang: H¢ phuong trinh {
fy.x)=g(x.y).
Cach giai:

» Truong hop 1: Céc phuong trinh trong hé la cac da thirc cua cac an x, .

DGi véi hau hét cac dang nay la trir hai vé cua hé phuong trinh ta thu dugc

phuong trinh (x - y)h(x.y)=0.
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Khi d6 hé phuong trinh da cho twong duong

x-y=0 .
{f(x,y)=0 ¥
[‘h(x,y) =0 %)

_1\[(:(,):) =0

Khi dé, nghiém cua hé phuong trinh da cho 1a hgp céc tdp nghiém cia hé phuong
trinh (*) va (*%) .

Lieu y: Co mot s6 hé doi xing loai 2 sau khi trir 2 vé chua xuat hién ngay x — y
ma phai suy ludn ti¢p mdi cé dicu nay.

2x44=2 (1)
Vi du 36: Giai hé phuong irinh ’: :
2y+—==—(2)

x y

Giai:
Diéu kién cia hé phuong trinh da cho la xy =0

H¢ phuong trinh dé cho tuong duong

e
[ s |laxelod [fe=y=-
J(x—y)'_>|-;v|:0 Ty x ol
3 s | =3 = =
L J)’=—- [x=N2: y=—V2
2x+=—=— v % X
L ¥ % 1 3 _l-\’=—v’2; y=+2
2X+—=—
5
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Vi du 37: Chitng t6 rang hé phiong trinh sau dday ¢ nghiém duy nhat voi moi

az()
( 2
2x" =y +—
[
[23,-3 =%
x
Giai.

Piéu kién xéc dinh ciia hé phuong trinh 1a x.y >0
H¢ phuong trinh da cho tuong duong

szzy =y +a* - {(x—_}:)(2xy+x+}’) = 0@ {x =y - {x =Y

2 2 2 2, 2 i1 2
[23-},3 =x*+a’ 2y =y  +d? 2x°y=y"+a 2x' —=x"—a =0

Pé ching minh hé phuong trinh di cho cé nghiém duy nhét ta chimg minh

phuong trinh 2x° - x? —&® =0 ¢6 nghiém duong duy nhit.

x=0
Pit f(x)=2x-x"-a’=0.Taco f'(x)=6x’-2x, f(x)=0& 1
¥
Ta ¢ bang bién thién sau:
I
' £ —oC 0 1 +00
z 3
J1(x) + 0 - 0 +
f(x) E T

27

|
l

\\\
\

Taco. a#0 nén —a* <0, cho nén phuong trinh f{x)=0 ©6 mdt va chi mdt nghiém

x>0,

Viy voi moi a = 0, h¢ phuong trinh da cho ¢6 duy nhat mdt nghiém.
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* Tricong hop 2: Cac phuong trinh trong hé khong phai 1a da thie
Xét cac hé phuong trinh hai 4n dbi ximg loai 2

jf(x, »)=0
lg(A'-y,) =1

Trong d6 / g khéng phai la cac da thirc 4n x, y.
Chéng han nhu hé phuong trinh ¢6 chra ¢an thirc, hé phuong trinh 16garit, hé

phuong trinh lugng gidc,... ta c6 thé dit dn phu va chuyén hé phuong trinh da

cho vé hé phuong trinh da thire déi xing loai 2 rdi gii.

Vi du 38: Giai va bién luan hé phirong trinh sau theo m

log, (3x+my)
log, (3y+mx) =

2
2

Giai:
He¢ phuong trinh da cho tuong duong

[3x—|- my = x° (‘c y)(x+y+m-3)=0

By+mx=y" < {3x+my=x

10<x,y#1 D<x,y=1
[ -'(=}’ —J_‘,\‘zJ_:
{dx+my=x x=3+m (¥
l0<x,y¢] 0<x,y#1
(x+y+m-3=0 y=3-m-x
3x+my=x’ X =CB=-mx-m(3-m)=0 (*%)
Ll0<x.y'/] O<x,y#1

* Xét hé (%)
t Néu m+3<0 hoic m+3=1< m<-3 hodc m=-2 thi hé (*) vo nghicm.

+Neéu l#m+3>0-22m>-3.H¢ (*)conghiém x=y=m+3.
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« Xét hé (¥%)

Phuong trinh x* —(3—m)x—m(3-m)=0 co6 hai nghiém duong x,, x, va khac 1 khi

A0 [(3—m)(3+3m)20
va chi khi | 7 ol BEmEn | [Hlsme
P>0 3-m>0 [m;ﬁl»v‘S

[l—(3—m)—m(3—m)¢0 lnz#li\}"g
Néu m =1 thi quay lai truong hop x = y.
Két lugin:

« Néu ~1<m<0 va m=1-+3 thi hé¢ phuong trinh d& cho ¢6 3 nghiém

(m+3.m+3);

3-m- \j{(—-?’ m)(37-|~ 3»?) S3-m+ J(“) ~m)(3+3m) ]
2 ’ 2

N

/

3—m+\/(3 —m)(3+3m) _
2 >

\ /

3-m—\J(3-m)(3+3m)
2

L

* Néu -3<m=-1 va m=-2 thi h¢ phuong trinh dd@ cho ¢6 1 nghiém

(m+3.m+3).
« Néu k <-3 hodc m=-2 thi hé phuong trinh da cho vé nghiém.
Vi du 39: Tim m dé hé phicong trinh sau cé nghiém

{sin‘ X4mtany=m

tan’ y+msinx =m
Giai: Ddt u=sinx, v=tanx suy ra u <1. g phuong trinh da cho tr¢ thanh:

2 (2 .
Wrmv=m i +mv=m W Eemv=m
3 | 9 3
Vihmu=meu —v —m(u = \-') =0 1(:1 - v)(u +v-m)=0

u| <1 <1 <1
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wmy=m
U=V (1)
| <1

w+mv=m

Te+v—m—~0 (1)

|u| =1

Xét hé phuong trinh (T):

Hé ¢ nghiém khi va chi khi phuong trinh f(x) =4 + mu—m=0 c¢d nghiém u
thoa man diéu kién |u|<1.

+ Phuong trinh ¢6 mét nghiém thudc doan [-1,1], khi d6 ta co:

FED (D20 1-2m<0om= %

+ Phuong trinh ¢6 hai nghi¢m thude doan [-1.1], khi va chi khi:

[A=0 dm+mt20 [[m<4
JS1)=0 10 mz=0 i
/(=020 S 1-2m=0 a‘[ 1 @0<m<
ms— 2
S ~m ‘
1221 -ls—-<l oy

Vay h¢ phuong trinh ¢6 nghiém thudce doan [-1,1] khi vathi khi m=0.
Xét hé phuong trinh (11):

Hé phuong f(rinh  c¢6 nghiém khi va c¢hi  khi phuong trinh

g)y=w ~mu+m —m=0
¢ nghiém u e [-1.1]. Mat khéc, ta lai c6 diéu kién dé phuong trinh g(x)=0 cé

nghiém la A =m’ 4(m: ~~m)2 0= 0=m= i ;

Cac gia tri cia m & ca hai truong hop nay da bao ham trong két qua cta hé

phuong trinh (I). Vay diéu kién dé hé phuong trinh da cho ¢6 nghiém la m=0.
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Ngoai ra, dé giai mét sé phuong trinh chira ¢in thirc ta c6 thé dit 4n phu dé
chuyén phuong trinh da cho vé hé phuong trinh déi xtng loai 2 dbi véi n phu

roi giai.

Vi du 40: Giai va bién luan phieong trinh:

x +{2—az)a = 2\"’-"23:-1 (a2 ~ 2)(:
Giai:

bit y=-\;2x+(av2 —2)(1 oy = 2x+(a"" ——2)a:>2x=y"‘ +(2—az)a

Phuong trinh da cho tré thanh

x3+(2—a2)a=2y (x'1‘+(2—a")a=2}’ - x“—2xf(2—(13)a=0
Yeed)a=2e " |- rwer42)=0" [x=y
3 . 3 \ A 2 x=a
Phuong trinh x —2v+(2—-cr]a=0<:>(x—a)(x‘ +ax+d —-2) =0 e I

Xét phuong trinh x* +ax+a* -2=0 c6 A=8-3a".

-
A 2 6 N N a “a
+Néu A=8-3d’ <0< |g|> 2\’7 thi phuong trinh v6 nghiém.

(X
+Néu A=8-3a" =0 |a| = 2—\'—6 thi phwong trinh ¢6 mdt nghiém x = —
3 P g 8 B

= fo 22

& " 2 | /6 . Y 5 < A N 8-Xr

+Néu A=8-3¢" >0 la|< 2\'7 thi phuong trinh ¢6 hai nghiém :452:-u
J
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Két Iuin:

- Néu a| > 2? thi phuong trinh da cho ¢ mdt nghiém x=a4.

- Néu la| = 2£ thi phuong trinh da cho ¢6 hai nghiém x=a;x = 7“
- Néu |a|< 2? thi phuong trinh da cho ¢6 ba nghiém x =g x,, :ﬂiv{é_—w
Bai tdp dé nghj:
1. Gidi cac hé phuong trinh sau
{J}+J2__ 2 b){ G-I
\/_+ V2-x=2 y+ fx-1=1
2. Giaiva bién ludn hé phwong trinh sau theo m
2x+.fy-1=
{2 y+x—1=
3. Giai cac phuong trinh
a) X' +2=33x-2 by x=a-b{a-bs')
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Phin 3. KET LUAN:
Khéa ludn di trinh bay duge mot sb két qua sau:

- Trinh bay co s& 1y thuyét ciia cic da thire dbi ximg trong céc trudmg hop
hai bién, ba bién, n bién(n > 4) va céc img dung cia né trong dai sé so cp
nhu giai phuong trinh, hé phuong trinh, chitng minh dang thirc, bat déng
thire, phan tich da thie thanh nhéan t,...

- Mot sb bai toan hay va khé duoc chon loc tir cdc dé thi hoc sinh gioi lién

quan dén tinh déi ximg trong dai sé.
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