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Phin 1. MO PAU

1.1. Ly do chon dé tai

Toéan hoc 13 moét mon hoc co ban lam nén tang cho cac nganh khoa hoc khac.
Mon Toan c6 tiém ning to 16n trong viéc khai thac va phat trién ning luc tri tué chung,
ren luyén cac thao tac va tu duy cua con nguoi.

Da thuc 1a mot ddi twong duoc nghién ctru rat nhiéu trong Toan hoc. Ngay tir
THCS va THPT, da thirc dd duoc dé cap rat nhidu trong chuong trinh sach gido khoa.
Da thirc ¢6 vi tri quan trong trong Toan hoc, khong nhing 13 dbi twong nghién ciru cia
Dai s6 ma con 1a cong cu déc luc cua Giai tich, Ly thuyét s6, Hinh hoc,... Trong cac
cudc thi hoc sinh gioi qudc gia, Olympic Toan thi cc bai toan vé da thire duge dé cap
rt nhiéu, day ciing 1a cac dang toan kho.

Tuy nhién, tai liéu viét vé su phan tich da thirc con rat it nén viéc nghién ciru vé
da thirc con gap nhiéu kho khan. Xuat phat tir nhitng 1y do trén toi quyét dinh chon dé
tai: "Phén tich da thirc trén cac truwong s6". T mong rang khoa luan nay sé& c6 ich
cho nhiing ai quan tdm dén da thurc, dic biét 1a sy phan tich da thirc trén cac trudng so.

1.2. Muc tiéu ciia dé tai

Thong qua viéc nghién ctru tai lidu tham khao, khai thac va tim hiéu cac kién
thirc chuyén sau trong viéc phan tich da thirc trén cc truong sd nhu trudng sb thuc va
phtec, truong s6 nguyén va hitu ty, truong hiru han.

1.3. P6i twong va pham vi nghién ciru

Céc 1y thuyét va bai tap c6 lién quan dén su phén tich da thic trén cac trudng sb
ctia da thirc mot bién (nhiéu bién).

1.4. Phwong phap nghién ciru

- Phuwong phap nghién ctru ly ludn:

Céc phuong phap dugc st dung trong qué trinh hoan thanh khoa luan 1a tham
khao, tong hop cac ngudn tai lidu khiac nhau nhu sach vo, gido trinh, ngudn thong tin
tir internet,...dé 1am rd ndi dung 1y thuyét, trao d6i thong tin tir thay co, ban be.

- Phwong phép nghién ciru thue tién:

Phén tich, so sanh va hé théng héa cac ndi dung mot cach 13 rang.

Tham gia hoc hoi va trau dodi nhitng kinh nghiém quy bau cta cac thay co gido

cling nhu nhitng ¥ kién dong gop cia giang vién huéng dan dé lam tdt dé tai.
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1.5 Lich sir nghién ciru

Nhan dé tai.

Suu tam tai liéu lién quan.

Lap dé cuong chi tiét.

Lam rd cac van d& ma dé tai hudng t6i hodc c6 lién quan dén dé tai.

Trinh bay cac van dé di 1am duoc va thong qua giang vién hudng dan.

Chinh stra va hoan thanh khoa luan.

1.6 Pong gop cia dé tai

Khoa luan 1am 1 cac phén tich da thirc trén cac trudng sb, toi s& ¢ ging nhiéu
dé dat dugc yéu cau dit ra, day cling la tai li¢u tham khao cho sinh vién céac khoéa sau.

1.7 Ciu tric dé tai

Ngoai phan md bai, két luan va danh muc tai liéu tham khao, phan noi dung
duogc chia thanh 2 chuong:

- Chuong 1: Kién thtrc chuan bi.

- Chuong 2: Phan tich da thirc trén cac trudng sb.
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BANG KY HIEU
Ky hiéu Y nghia
N Tap hop cac sb tu nhién
R Tap hop cac sb thuc
7, Tap hop cac sé nguyén
Q Tap hop cac sb hitu ty
C Tap hop céc s phirc
m|n m 14 uSc clia n
7, X7, Tich Descartes cta hai tap hop Z va Z
(y) Idéan sinh bai phan tir y
F, Nhom nhén cac phan ti khac khong cua F,
gcd( f(x).9 (x)) U6c chung 16n nhat cua f (x) va g (X)
charF Pic s6 cta vanh (trudng) F
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Phin 2. NQI DUNG NGHIEN CUU
Chuong 1: KIEN THUC CHUAN BI
1.1 Mién nguyén - Truong

1.1.1 Mién nguyén

Dinh nghia: Mién nguyén 1a vanh giao hoan, c6 don vi, c6 nhiéu hon mét phan
tir va khong c6 udc cua khong.

Vidu:

(1) Vanh Z 1a mdt mién nguyén vi vanh Z 1a vanh giao hoan, c6 don vila 1, ¢6

v6 han phan tur.

Va,beZ,a#0,b#0 suyra ab=0 nénvanh Z khong c6 udc ciia khong.
(2) Vanh X =Z x Z khong 1a mién nguyén.

That vay, lay (0,0)#(2,0)eZ x Z, (0,0)#(0,5) € Z x Z. Khi dé:
(2,0).(0,5)=(2.0,0.5)=(0,0) = X ¢6 udc cuia khong.

1.1.2 Truong
Dinh nghia: Truong 1a mot mién nguyén, trong d6 moi phan tir khac 0 déu co

nghich dao.
Vi du: Vanh Z 1a mot trudng.
Thét vay, ta ¢ Z, cung véi 2 phép toan cong va nhan:
va, be Zs, a+b=a+b, ab=ab 1d mot vanh giao hoan, c6 don vi la 1
Chitng minh: 7. 1a mién nguyén, tirc 1a Z, khong c6 wéc cia khong.
Gia st a,beZ, va ab=0 hay ab=0=>ab=0+5x,tirc ab:5 va do 5 1a sb

nguyén to.
ai5 |a=
Suyra| . =|_
{b :5 L =

Vay Z 1a mién nguyén.

tirc 12 Z khong c6 udce cua khong.

ol ol

Chitng minh 2L kha nghich:
Gia sir 0#a e Z, suyra a khong chia hét cho 5 = (a,5) =1. Khi do:

Ju,veZ:au+5v=1=>au+5v=1hay au+5v=L1

—au=1 (vitrong Z taco 5:0)

SVTH: Nguyén Phan Hoai Linh Trang 4



Khoa luan tét nghiép

Vay Z, kha nghich.
1.2 Vanh da thirc:
1.2.1 Vanh da thirc mdt bién hé s6 thuc
Ta goi tap cac da thirc hé sb thuc 1a R[x], trong dé:
f(x)=a,+ax+..+a,x", 8 R, i=0,m
g(x)=h, +bx+...+bx", b eR,i=0,n
Véi m<n taco:
f(X)+g(x)=(a,+b,)+(a +b)x+...+(a, +b, ) X" +b, X" +b x".
f(X).9(X)=agh, +(agh, +ay )X +...+(agb, +ab,, +...+aby ) x* +...+a, o x™"
Ta dé dang chimg minh (R[], +, .) lap thanh mét vanh.
1.2.2 X4y dung vanh da thirc mdt bién
Cho A la vanh giao hoan c6 don vi. Goi P la tdp cac day vO han
(ag,a,..,8,,0,...) véi ae A VieN, P chi chira mot s6 hitu han cac phan tir khac 0.
Trén P ta dinh nghia phép cong va phép nhan nhu sau:
e (a,a,...4,,0,..)+(by,b;,....b,,0,...) = (8, + by, 8, +b, +...,a, +b,,0,...)
e (aya,...a,,0,.).(b,b,....b,,0,...) =(cy,Cy,...,C,.,0,...)
véic = Y ab, k=012,..

i~
i+j=k
Khi d6 (P, +, ) lap thanh mdt vanh giao hoan, c6 don vi la (1, 0, )
Xét day X:(O,l,O,...)

x* =(0,0,1,0,...)

X" =[0,0,0,...O,1,0,...]
n

Néu a e A, xét anh xa: Q! A—>P
a — ¢(a)=(a0,..)
Khi d6 ¢ 1a mot don ciu vanh.

That vay, Va, b e A, taco:
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p(a+b)=(a+b0,..)=(a,0,..)+(b,0,..)= p(a) +p(b).
o(ab)=(ab,0,..) =(a,0,..)(b,0...) = p(a)p(b).
Suyra ¢ la ddng cdu vanh.

Kerp={acA|p(a)=0,}={acA|(a0,..)=(0,0..)} ={ac A| a=0}={0}.

Vay ¢ la don céu.

Ta goi ¢ nhing A vao P nhu mdt vanh con, ta co thé dong nhat
(ap..)=acA

Véi day (a,,a,,...,a,,0) e P ta viét lai:

(a,8,,..,a,,0,...) =(a,,0,...)+(0,a,0,...)+..+(0,0,..,0,a,,0,...)
=(2,0,..)+(a,0,-.)(0,1,0,...) +...+(a,,0,..)(0,0,...,1,0,...)
=a, +aX+..+a,x" = f(x).

Vay v6i mbi ddy (a,,a,,...,a,,0,...) e P, ta cé thé viét duogc:
f(x)=a,+ax+a,x’ +..+ax" (a,=0)
Ky hiéu: P = A[x].
1.2.3 X4y dung vanh da thirc nhiéu bién
e Cho A la vanh giao hoan c6 don vi 1. Xay dung vanh da thirc A[x]:
Alx]={f(x)=2+ax+ax +.+ax |aeA vieN}.
e Vanh A[x ] la vanh giao hoan c6 don vi. Xac dinh vanh da thirc A[x,, X, ]:

n

AL %] ={ (%0 %) =8 (%) + 8 (%) %, + .ot 8, (%)%

ai(xi)eA[xl],VieN}

e Vanh A[x,%] la vinh giao hoan c6 don vi. Xac dinh vanh da thirc
A[X, %, , %, ]:
Phan tir f (X, %,, X, ) = Cq + C X XEXE + ..+ Cp X X3 X3,
Bang phuong phap quy nap: Ac A[x]c Alx, %, ] ... A[X, Xy, X, |-

Phan tir f (X, %y,..s X, ) = Cp + C X3 . X2 + ..+ C XA XEm X3

n

trong do: C €A Vi; sé mii a,,a,,...,&, la cac sb ty nhién.
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C. 1a hé tir (hé sb).
C.x"X32..x™ 14 cac hang tu.
f (X, X,,+--s X, ) =0 khi va chi khi cac hé s6 déu bang 0.
1.2.4 Pa thirc ddi xirng:

Dinh nghia: f (xl,xz,..., Xiveees X oo xn) € A[X,, Xy,..., X, | duge goi 1a da thire dbi

xig néu n6 khong thay doi khi ta thay doi chd 2 vi tri X, va X, bat ky cho nhau.

F (X X X X X ) = F (X Xt X X X, )
Nhan xét: Cac da thie ddi xung:
Oy =X + X+t X
Oy = XXy + XX + oo X, (X,
Oy = XXgoe X,y ForeF XpXger X

O, = XX,...X,
Ta goi 0,, 0,,..., 0, 1a cac da thirc d6i xing co ban.
Vi du 3: Biéu dién da thirc sau qua da thirc d6i ximg co ban:
f (X0 %00 X5 ) = XXy + XX + XXy + XX + XX + X5 X
Ta c6: Hé théng mii: (2,1,0), (1L11)
Khi d6 (X%, ) =00, + Mo,

Lap bang tim m, :

Vay f(%,%,,%)= go(xfxz) = 0,0, — 30,
1.2.5 Béc cua da thire
a) Bic ciia da thirc mét bién:
Dinh nghia: Cho f (x)=a, +ax+..+a,Xx" € A[x] véi a, %0, R, i=1n.
- Ta goi bac da thirc f (X) 1a s6 mii ctia lily thira cao nhat ma hé tir img véi nd
khac 0, ky hi¢u: bac f(x) (hay deg f (x))

- Pa thirc 13 hing sb khéc 0 c6 bac bang 0.
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- ba thtrc 0 thi khong c6 bac.
Pinh Iy 1: Cho f(x), g(x)=0:
(i) Néubac f(x)= bac g(x) thi f(x)+g(x)=0. Taco:
bac (f (x)+g(x))=max (bac f(x), bac g(x)).
Néu bac f(x)= bac g(x) dong thoi f(x)+g(x)#0 thibac (f(x)+g(x))<
max (bac f (), bac g(x)).
(ii) Néu f(x).g(x)=0 thibac (f(x).g(x))< bac f(x) +bacg(x).
Dinh Iy 2: Néu A la mién nguyén va 0= f (x), g(x)e A[x] thi:
bac( f(x).g(x))= bac f (x) +bac g(x)
Chimg minh: Gia su f (x)=a,+ax+..+a,x" (a,=0)
g(x)=by +bx+..+b,x" (b, =0)
Khi d6 f(x).g(x)=a.b, +(ah, +ab,)x+..+ab,x""
Do a,#0,b, #0=a,b, #0 (vi A la mién nguyén nén khong c6 udc cua
khong).
bac(f(x).g(x))=n+m= bac f (x) +béc g(x)
H¢ qud: Néu A 1a mién nguyén thi A[x] ciling 1a mién nguyén.
b) Béc ciia da thirc nhiéu bién:
Cho (X, %y, Xy ) € Al X Xp ey X, |-
-Bac ciia f dbi voi an X, 14 s6 mil ctia lily thira cao nhét trong cic hang tir ctia

da thuec.
a;

- Bac cta hang tor C.x™X;

XAz x5 bang &, + 8y, ...+ &,
- Bac tong thé f & m=max{a, +a, +...+a,
1.2.6 Phép chia c6 du
Dijnh ly: Cho A la mét trudong, f(X), g(x)e A[x] véi g(x)=0 déu ton tai
duy nhét g(x), r(x) véibacr(x) <bacg(x) hoic r(x) =0 sao cho:

f(x)=g(x).a(x)+r(x)

trong do I’(X) . da thtrc du, g (X) . da thtrc thuong.
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H¢ qud: f(x):g(x)< r(x)=0.
1.2.7 Nghiém cuia da thirc
a) Dinh nghia: Cho A 1a mét truong, ce A, f (x)e A[x] voi
f(x)=ax"+a, X" +..+aX+a, (a, #0)

Ta goi gid tri ciia f(x) tai x=c la f(c)=a,c"+a,,c"" +..+ac+a,

Néu f(c)=0 thicla nghiém ciia da thirc f (X).

b, Dinh Iy Bezout: Cho A 1a mot truong, ce A, f(x)e A[x]. Pa thic du cua
phép chia f(x) cho x—c la f(c).

H¢ qud: f(x):(x—c)< f(c)=0 (hay c la nghiém cua f(x)).

Dinh nghia: (Nghiém boi, nghiém kép)

Cho A 1a mét truong, ce A dugc goi 1a nghiém boi k cia f(x) e A[x] néu
f(x): (x—c)k va f(x)/ (x—c)k.

- Néu k = 1 thi ¢ 1a nghiém don.

- Néu k = 2 thi ¢ 1a nghiém kép.

1.3 Da thirc bit khi quy
Dinh nghia: Cho A 1a mot trudng, da thie f(X) trong vanh A[x] goi 1a bat

kha quy trén A néu f(x) c6 bac la mot s6 nguyén duong va tir didu kién
f(x)=g(x)h(x), véi g(x), h(x)e A[x] ludn suy ra g(x) hoac h(x) la da thuc

hing.
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Chuwong 2: PHAN TiCH PA THUC TREN CAC TRUONG SO

2.1 Phan tich da thirc trén trudng s thuwe va truwong so phirc

2.1.1 Phéan tich da thic trén trudng sé phirc

Pinh 1y 1. Néu F la mét truong va p la mét da thire bat kha quy ciia vanh F [X]
véi bdc p bang n, ton tai mot truong K cé cdc tinh chat:

1) K chita F nhu mot truong con,

i) K chita mot nghiém U cua da thirc p;

i) Truong K duoc sinh boi F VA U va moi phan tir cia K c6 thé dat dudi
dang mot da thiec duy nhdt theo U véi hé tir thuée E va ¢é bdc bé hon hodc bcing
n-1.

Chirng minh:

i) Vi p la mot da thirc bat kha quy ciia mién nguyén chinh F [x] nén idéan (p)
sinh boi p cia F[x]la idéan t6i dai. Do d6 vanh thwong K = F[x]/(p) 1a mot truong.

Goi 7z:F[x]>F[x]/(p)=K

fi>f+(p) 13 toan cdu chinh tic

Thu hep ciia 7 vao F 13 mot dong cdu trudng z': F — K cho nén 7' 1a mot
don cdu va F dang cau voi truong con Imz' = 72'( F) cua truong K.

Pong nhat F voi Imz' tic 13 dong nhat mdi ae F voi a+( p) eK, taco K
chta F nhu mot trudng con.

i) Ta c6 dong cau vanh 7: F[x]— F[x]/(p)=K

bat u=z(x)=x+(p)eK.

Vi z(a)=z(a')=a véimoi ac F va z(p)=(p)=0eK, néntrong K taco:

p(u)=p(7(x))=7(p)=0eK
NOi cach khac U 1a mot nghiém cua da thirc p trong K.
Ngoai ra, vi 7 1a toan cau, moi phan tir cia K c6 dang 7( f) véi mot da thie
f e F[x]; hay z(f)=x(f(x))=f(x(x))=f(u), ticla mot da thirc theo U véi h¢

tir thude F.
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Vay K =F[u], mdt vanh da thirc theo bién u e K véi hé tir thude vanh con F
cia K, nghiala K dugc sinh boi F va u.

iii) Vi moi da thirc f e F[x] co thé dat dudi dang f = pg+r voi mot da thirc
duy nhat re F [x]. néu khac 0, co bac I < bic p bang n nén

z(f)=z(pa+r)=z(r)=r(u)eF[u].

Diéu nay chimg t6 moi phan tir cia K = F[u] c6 thé viét thanh mot da thirc
duy nhat r(u) theo bién U vé6i h¢ tir thudc F vanéu r(u)=0 thibac r <n-1.

Pinh Iy 2. Néu F la mt trwong va T la mot da thire ciia vanh F [x] voi béc
f =n>0, thi ton tai mét truong K chira F nhir mét truong con, sao cho trong vanh
da thirc K[x], f c6 dang

f=a (x-u)..(x-u,)g

trong d6 a,,\j,...,U, la nhing hing thugc K va g la mot da thirc ciia K[Xx].

Chirng minh:

Trudce hét da thirc f e F[x]=0 bac n c6 hé tir din dau &, # 0 c6 thé viét véi
da thirc 0 f, € F[x] c6 hé tir dan dau 1 vabac f, = deg f =n.

Ta chiing minh dinh 1y bang quy nap trén n= deg f.

Véin=1 tacod f=a,+axeF[x](a =0) vaco thé viét

f=a(x-u,) véiu, _—

&

Vay trong treong hop nay truong K chinh la F.

V6i n>1 gia st dinh Iy dung véi moi da thirc khac 0 ¢6 bdc <n—1 cua F[x].

Vi f=af va f comotudc bat kha quy peF[x], cho nén ton tai mot
truong K, chita F nhu mét truong con va mdt nghiém U, ctia p dé trong vanh da
thae K [x], tacd f,=(x-u;)g va f =a,(x—u;)g véi mot da thiuc g € K [x] c6 hé
tir dan dau 1 va bac g =n—1.

Theo gia thiét quy nap, ton tai mot truong K chira K, v F nhu nhiing truong

con sao cho trong vanh da thirc K[x], g ¢6 dang g =(x—-u,)...(x—u,), do do:

SVTH: Nguyén Phan Hoai Linh Trang 11



Khoa luan tét nghiép

f=a (x—u)g=a,(x—u)(x—U,)..(x—u,)g (dpcm).

B6 d@é 1. Moi phan tir ciia C la binh phirong ciia mét phan tie ciia C va moi da
thitc bdc 2 ciia C[x] déu c6 nghiém trong C.

Chirng minh:

Cho s6 phtic a+bi € C, ta chiing té c6 mot s6 phiic s-+ti e C sao cho

: : : . |s*-t*=a
(s+ti)’ =a+bi < s?+2sti—t* =a+bi =
2st=Db

Suy ra: (s® +t2)2 =a’ +b?

Goi ¢ >0 la cin bac hai ciia a®>+b* >0, tac CZ|a|, C2|b| va s’ +t% =c.

Do d6 szzM tzzm.

2 2

Vic> |a| nén c+a=>0 va cac dang thirc trén cho dinh céac sd thuc S va t.
Vay s6 phitc a+bi 1a mot binh phuong.
Véi ax® +bx+ceC[x] voi a=0. Tach

) [ b jz b® —4ac
ax‘+bx+c=al| x+— —— |
2a 4a

b? —4ac
4a’

Theo trén c6 sd phiuc d sao cho d*= nén da thue bac 2 da cho cé

nghiém _b +d eC.
2a

Ménh d@ 1. Moi da thirc béc I6n hon 0 ciia R[X] déu c6 nghiém trong C.

Chirng minh: Cho da thirc g € R[x]#0 vdibac g=n>0.

Vé6i moi s6 ty nhién n>0 déu co thé viét dusi dang n=2"q vdi sb nguyén
m >0 va sd nguyén q 14 sd 1é.

Vi ménh dé dung véi m=0, ta chirng minh bang quy nap trén m.

Khong 1am mat tinh tong quat ciia chimg minh, ta ¢ thé gia sir hé sd dan dau
cia g la @ =1 vi moi da thirc c6 thé viét f =a g véidegf = degg va g co hé t

dan dau bang 1.
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Theo dinh 1y 2 c6 mét truong K chira R nhu mot trudong con sao cho trong
K[x] da thirc g c6 dang nhén tir hoa nhu sau:
g=(Xx—a)(x-a,)..(x—a,)
Duéi dang khai trién: g = X" —s X" +8,X" 2 —...+(=1)"s,
trong d6 S,,..., S, 1a cac da thirc d6i xting so cap theo cac nghiém ¢, @,,..., &, € K ciia g.
Vi g e R[x], dang nay cho thdy cac hé tir S,...,S, déu thude R.

Véi mot sb thue b e R, ta xét da thirc sau day cia K [x]:

G(x)=T1 |:X—<C¥1+aj +baiaj)}.

<i<j<n
4 \ < R A r l l A _ b K
Da thure nay hién nhién c6 En(n— ) nghiém By =a;+a;+baa; e

cho nén cac hé tr cua G, (X) la nhitng da thurc dbi xuing theo cac ,Bij véi hé s thuodce
R, do d6 ciing 1a da thirc d6i xtng theo &, ,,...,ct, véi hé sb thue.

Vi mdi hé tir ciia G, (X) 1a da thirc d6i xtmg ctia vanh R[ey,...,ax, ], nén cac h¢
tr nay biéu thi duge nhu 1a da thire theo Sy S, va véi hé tur thude R

Nhung vi §,,...,S, €R theo trén, cho nén céc h¢ tir ciia G, (x) déu thude R,
hay G, (x)eR[x].

Mat khac, ta co

bac G, (x) =%n(n -1)= 2”‘*1q(2’“q —1) =2""q'

(véi q'=0(2"q—1) 1a mot s6 nguyen l¢).
Do d6 theo gia thiét quy nap, da thiuc G, (X) c6 mot nghi¢ém S; € C, tirc la co it
nhat mot cap chi s6 (i, j) sao cho:
a+a;+baa, eCva o +a;+b'aa; €C véib=b'".
Tudosuyra o; +a; € C va or; € C; hon nita vi:

(X—ai)(x—aj): X —(ai +aj)x+aiaj e C[x]
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Taco ¢; va a; la cic nghiém cua mot da thirc bac 2 véi he sd phtrc, theo b dé
1, c4c nghiém @; va a; thudc C. Diéu nay ching t6 da thic g e R[x] da cho c6 it
nhat mot nghiém thuoc C. (dpcm)

Pinh ly 3. Néu f(z) la mot da thirc trong C[z] c6 bdc dwong, thi f(z) co
nghiém trong C.

Chirng minh:

Phép ching minh ctia dinh Iy nay la khong thuan tiy dai s0, nén dé chimg minh
Pinh 1y co ban ctua bai s6, ta co thé st dung dinh 1y ctia E. Rouche.

Pinh 1y Rouche: Cho mién M < C véi bién ciia M 1 B(M). Néu f(z) va
h(Z) la cac ham gidi tich trong va trén mién M sao cho ‘h(z)‘<‘f(z)‘ trén bién
B(M) thi f(z)va f(z)+h(z) o cung so nghiém trén mién M.

Bay gio ta chirng minh dinh 1y 3.

Cho f(z)=a,z"+..+az+a, la mjt da thirc véi hé s6 phirc bac n>0. Ta can
chimg minh f (z) c6 nghiém phtc.

bat p(z)=a,z" va h(z)=f(z)-p(z)=a,.2" " +..+az+a,

Lay s6 thuc r > 0. Trén dudng tron |Z| =r taco

p(2)=

va  |h(z)=

=laull2]" =[a|r"

a,z"

anflz”‘1+...+alz+a0‘ <la, o[ r"™ +.+ay|r +]ag|-

an

Chon r>max{1,K}. Khi do:

n(z)|[<la,,|r"™ +...+]a|r +[a|
<(Jaya|+ ... +]ay] + [a]) "
<(rlal)r™ =fa " =[p (2).
Vi thé Ih(z)|<|p(z)| véimoi z nam trén dudng tron tam 1a gbe toa do, ban kinh r.
Chu ¥ rang dudng tron |z|=r chinh 1 bién ciia mién M Z={Z eC ‘ 2| < r}.
RG rang p(z)=a,z" c6 N nghiém phirc (thyc ra p(z) c6 mot nghiém z=0
v&i boi ).

SVTH: Nguyén Phan Hoai Linh Trang 14



Khoa luan tét nghiép

Do do, theo dinh 1y Rouche, f(z)=p(z)+h(z) cé n nghiém phirc.

Pinh Iy 4.

i) Néu z=a-+bi la mt nghiém phirc ciia da thirc f(x)eR[X] thi lién hop ciia
N6 z=a—bi cing la mét nghiém. Do dé da thirc thuc

(x—z)(x—E): X* —2ax+(a’ +b)

la mét nhan tir cua f (X).

ii) Néu a,b,ceQ va a+b\c la mot nghiém vé ty cia da thirc hitu 1
f (x)eQ[x], thi a~bc cing la mét nghiém, va da thirc hit 1y

X* —2ax+(a’ —b%c)

la mot nhan tir cua f (X).

Chirng minh:

i) Xét da thire g(x)=x"—2ax+a’ +b’ =(x—z)(x—§).

Theo thuat toan chia trong R[x], ton tai cac da thic thyc g(X) va r(x) sao
cho:

f(x)=q(x)g(x)+r(x), trong do r(x)=0 hodc degr(x)<2.

Do d6 r(x)=r,+rX trong do Iy, I, € R.

Khi d6 z=a+bi 1a mot nghiém cua f(x), g(x); do d6 no ciing 1a mot
nghiém cta r(x), nén 0=r,+r,(a+bi).

Cho phan thyuc va phan 4o bang nhau, tacé I, +ra=0 va rb=0.

Nhung khi d6 r(z)=r(a—bi)=r,+r(a—bi)=r,+ra—rbi=0,

Do z la mét nghiém cia r(x) va g(x), né phai la nghiém ciia f (x).

Néu z 1a s6 phtrc va khong phai 1a s thuc, thi b= 0. Trong truong hop niy
r=0var,=0.

Vay g(x)|f(x) hay g(x) 1a mot nhén tr cua f(x).

ii). Xét da thirc

h(x)=x*—2ax+(a’ —b’c) :(x—a—b\/E)(x—a+b\/E).
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Theo thuit toén chia trong Q[x], ton tai cdc da thuc thuc (X) va r(x) sao
cho:
f(x)=q(x)h(x)+r(x), trong d6 r(x)=0 hodc degr(x)<2.
Do d6 r(x)=r,+rx trong do I, I, e R.
Khi d6 a+bv/c 1a mot nghiém cia f(x), h(x); do d6 n6 ciing la mot nghiém
ctia r(x), nén 0=r0+r1(a+b\/5). Cho r,+ra=0 va rbJc =0.
Nhung khi dé r(a—b\/E) =1+ rl(a—b\/E): r,+ra—rbyc =0.

Do a—byJc 1a mot nghiém cua r(x) va h(X), nén n6 phai la nghiém cta
f(x).

Néu a, b khong dong thoi bang 0 thi trong trudng hep nay ;=0 va r, =0.

Vay h(x)‘ f (x) hay h(x) 12 mot nhan tir cua f (x).

Pinh ly 5. Cdc da thirc bat kha quy trong vanh C[X] la cdc da thirc béc 1.

Ching minh:

Trong C[x], cac da thirc bac 0 1a cac phan tir kha nghich.

Theo dinh 1y 3, mdi da thirc co bac duong c6 mdt nghiém trong C.

Viy tat ca cac da thirc c6 bac 16n hon 1 kha quy va cac da thirc bac 1 1a cac da
thire bat kha quy trong vanh C[x].

2.1.2 Phan tich da thirc trén trueong sé thue

Pinh 1y 6. Cdc phan ti bat kha quy ciia mién nguyén R[] chi la cdc da thirc
bdc 1 cé dang f (X) =ax+b (a;t 0) hodc bdc 2 c6 dang f(x)=ax®+bx+c, (vdi
a=0) trong do b® —4ac <0.

Chirng minh:

Hién nhién, néu f (x)eR[x] 1a da thirc bac 1 hoac tam thirc bac 2 vai biét
thac A=b*—4ac<0 thi f (x) la bat kha quy trén R. Ta ching minh diéu nguoc lai.

Gia st f(x)eR[x] la mot da thirc bat kha quy véi deg f (x)>1.

e Truong hop 1: deg f (x)=1thi f(x)=ax+b véi a=0.
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e Trudng hop 2: deg f (x) =2, khido f(x)=ax’+bx+c voi a=0.
Néu A=b®—4ac>0 thi f(X) c6 hainghiém oy, @, € R vataco
f(x)=a(x—a)(X—a,) (mau thuin).
Vay b* —4ac <0.
e Truong hop 3: deg f (x)>2.

Theo dinh Iy 3 thi f(x)=0 c6 nghiém a=m+nieC.

Theo dinh 1y 4 thi f(x)=0 ciing c6 nghiém o =m-ni e C.

Do do trong C[x],

f(x)=a(x—a)(x—5):a(x2—2mx+m2+n2)e]R[x] hay f(x) la kha quy

(mau thuan).

Vay f(x)eR[x] 1a mot da thwc bat kha quy khi va chi khi hodc
f(x)=ax+b (a#0) hodc f(x)=ax’+bx+c, (v6i a=0) trong d6 b*—4ac <0.

Pinh 1y 7. Moi da thirc f(x)eR[x] khdc 0 véi bac f=n c6 dang nhan tir
héa duy nhat

f(x)=a(x-b)"..(x=b,)" (x* +clx+d1)ml (X +ctx+dt)m‘
trong d6 acR’, cic s6 thuc B,.,D, phin biét nhau, cic déi so thuc
(c,, dy),....(c,, d,) phdn biét nhau va sao cho ¢} —4d; <0 (i=1,..,t), con N,..., N, va
m,..., M\, la nhirng s6 nguyén >0 sao cho
n+..+n +2(m+..+m)=n.
Chirng minh:
Ta biét rang R[x]1a mot vanh Euclide, nén f (X) c6 thé phan tich dugc thanh

tich cac nhén tir bat kha quy trong R[x].

Bang cach viét ax+ﬁ=a(x+£) va ax’ +,BX+7/:05(X2 +£+Zj.
a a «

Khi d6 ta c6 thé quy f (x) vé tich

f(x)=a(x—b)"..(x=b,)" (X +cx+d,) " ..(x* +cx+d, )"
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trong d6 b,..,Db, phan biét nhau va c¢?—4d; <0 (i=1..t), cing v&i
(c,, d,),....(c,, d,) phan biét nhau.
Ta thay ngay sy phén tich nay la duy nhat. (dpcm)
2.1.3 Bai tap van dung.
Bai tap 1. Trong vanh C[x], ching minh ring da thirc f(X) chia hét cho da

thire g(x) khi va chi khi moi nghiém ciia g(x) ciing la nghiém cia f(X) va moi
nghiém boi k cia g(x) ciing 1a nghiém boi 16n hon hodc bang k cua f (x).
Giai: Trong C[x], gia st f(X) chia hét cho g(x).
Khi d6 3q(x) e C[x] sao cho f(x)=g(x).q(x).
Gia stt o e C 1a mot nghiém cua g(x), tr g(a)=0suyra f(«)=0.
Néu « 1a nghiém boi cap k=1 cua g(x) thi ta c6 3n(x)eC[x] sao cho
g(x)=(x~a)"h(x).
Khi d6 f(x)=(x—a)"h(x).q(x), tic 1d « 1i nghiém boi 16n hon hodc bing
k cua f(x).
Nguoc lai, néu moi nghiém bdi cap k; >1 cua g(x) déu 1a nghiém boi véi cap
16n hon hodc bang k; cta f(x) thi ta co:
g(x)= a(x—al)kl (x-e,
f(x)= b(x—al)kl (x—a,
Diéu nay chimg 6 f (x)=bag(x)q(x).
Vay f(x) chia hétcho g(x).
Bai tap 2. Trong vanh Q[x], chimg minh réing da thrc:
f(x)=x*+x""+x"% (k,I,neN)

chia hét cho da thire g(x)=x*+x+1.

Giai: Ta c6 phuong trinh x>+ Xx+1=0 c6 2 nghiém la:

_1+£i; X -1 _\3

2 2 279 2
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Ta thay da thic g (x)=x*+x+1 1a mot da thirc béc hai khong c6 nghiém hiru
ty nén né 1a da thirc bt kha quy trén Q[x].
Lai co: X° =1=(x—1)(x* +x+1) =(x-1)g(x), nén g(x) cé 2 nghiém phrc la

-1 \/§| 82 -1 '\/§

E=—+— =—— 7!, la 2 can nguyén thuy bac ba ctia don vi.

2 2
Mat khac ta co:

2
DTN e PTI  STS B
2 2 2 2
=1+_—1+£i+_—1—£i=0,
2 2 2

Khi d6 ta c6 thé n6i f (x)=x* +x"+x*"? cling nhan & va & lam nghiém.

Theo bai tap 1, 3h(x) e C[x] sao cho f(x)=g(x)h(x).

Nhung f(x) va g(x)eQ[x] nénsuy ra h(x)eQ[x].

Vay da thie f(X) chia hét cho da thie g(X).

Bai tip 3. Gid st K 1a mot truong, f(X) va g(x) 1a hai da thirc nguyén t6
cling nhau trong K[x]. Chtmg minh rang yf (X)+g(X) la mot da thic bat kha quy
trong K[x, y].

Giai: Taco K 1a mot truong, f(x) va g(x) 1a hai da thirc nguyén 6 cung nhau.

Nén néu xem Yf (X)+g(X) nhu mot da thirc bac nhat mot an ddi véi y thi
yf (X)+9g(x) 1a da thirc nguyén ban, hay da thirc bat kha quy trén K[x].

Suy ra yf (x)+g(x) batkha quy trong K[x, y]=K[x][y]-

Bai tap 4. Phan tich cac da thic sau thanh nhan tir:
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a, f(xy)=2x"+7xy +9x7y* + 7xy’ + 2y*;
b, h(x,y)=3" -8y +14x*y* —8xy° + 3y*;
C, p(x Yy z)=2x"y* +2y*z* + 22°x* - x" —y* - z*.
Giai:
a, f(xy)=2x"+7x°y + 9x’y? + Txy’ + 2y*
= 2(x4 + y“)+7xy(x2 + y2)+9x2y2 (*)
Ta biéu dién f (X, y) qua da thtrc d6i xtng.
Taco: X' +y* =0] —4cl0, + 207
X’ +y? =0’ 20,

Thay céc két qua vao (*) ta duoc:

f(xy)= 2(0‘14 — 40’0, + 20§)+702 (612 —202)+90'22

=20, -0’0, -0}
Ta c6 f(x,y)=20, -0c,—0; la tam thic bac 2 theo o, suy ra
o, =-20,0,=0;.
Vay f(xy) :(20'12 +62)(612 —0'2)
= (sz +2y° +5xy)(x2 +y 4+ xy)
b, h(x,y)=3x*-8x’y +14x*y* —8xy® + 3y*
=3(x" +y*)-8xy(X* +y*)+14x%y? (*)

Ta biéu dién h(X, y) qua da thire d6i xtmg.

Taco: x*+y* =0 —40’0,+20;

x> +y* =0 - 20,
Thay cac két qua trén vao (*) ta duoc:
h(x,y)= 3(014 ~ 406’0, +207 ) —-8o, (0'12 - 20, ) +1407
=30, —200}0, + 3607
Ta c6 h(x,y)=30; —200,0,+360;, la tam thirc bac 2 theo o, ma khong co
nghiém thyc. Do d6 ta khong thé phan tich thanh nhi thic theo o,.

Ta sir dung hé s6 bat dinh dé phan tich. Ta co6:
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h(x,y)=3x" -8’y +14x*y* —8xy® + 3y*
= (Ax2 +Bxy + Cyz)(sz +Bxy + Ayz) (**)
Tim A, B, C bang cach st dung hé sb bat dinh.
Véi x=y=1 (A+B+C) =4 = A+B+C=+2 (1)
Nhdn xét: Pang thtrc (**) khong thay doi khi ta thay d6i ddu cua cac hé sé A, B,
C thanh nguoc lai. Pé khong mét tinh tong quat, ta cho A+B+C = 2.

Véi x=1y=-1 (A-B+C) =36=A-B+C=16  (2)

Véi x=0, y=1, AC=3 (3)
Tu (1), (2) va (3) ta c¢6 cac hé:
A+B+C=2 A+B+C=2
(I) A-B+C=6 va (II) A-B+C=-6
AC =3 AC =3

Hé (I) cho ta nghiém A=1 B=-2,C=3.
He (I1') khong c6 nghiém thyc.
Vay
h(x,y)=3x" -8y +14x°y? —8xy® +3y* =(x* - 2y +3y°)(3C - 2xy + y*)
c, p(x,y,z)=2y* +2y*2* + 22°x* = x* —y* - 7*
= 2[(xy+ yz+xz)" = 2xyz(x+y+ z)}—(x4 +yt+2)
Ta biéu dién p(X, y) qua da thtrc d6i xtng.
p(x,y,z)= 2(022 — 20'163)—(614 — 4070, +20; +4O'163)
=—-o, +40/0,-80,0,
= 0'1(—0'13 + 40,0, —803) (*)
Nhan thiy (*) chia hét cho 0, =X+ Yy+2Z va da thic ban dau 1a ham s chan
theo x, y, z. Do d6 ta thay X=—X (hodc y=—y hodc z =—z) thi da thic s& khong doi.
Do d6 da thic chia hét cho X+Yy—2, —X+Y+2, X—y+Z
Khido p(x,y,z)=(x+y+z)(x+y-z)(—x+y+z)(x-y+2z).M
Do p(x) la da thirc bc 4 nén M phai 12 hang s6. St dung hé s6 bét dinh, tim M:
Cho x=y=z=1=M=1.
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Vay p(x,y,z)=(X+y+2z)(x+y—z)(—X+y+2)(x—y+2).
Bai tip 5. Chimg minh ring vanh thuong Z,[x]/ (i+ X+ X2) 1a mot trudng cod

4 phan tir; 1ap bang cong va bang nhéan cua truong nay.

Giai: Da thic 1+ x+x € Z, [x] khong c6 nghiém trong Z, nén bat kha quy.
Do d6 vanh thuong Z,[x]/ (i+ X + x2) la mot truong ding cAu véi trudng

Z.,(u), véi 1+u+u? =0, va treong nay ¢6 4 phan tr 13 0,1, u, 1+u.
2

Lap bang:

(+) 0 1 u 1+u
0 0 1 0+u 1+u
1 1 0 1+u 0+u
u 0+u 1+u 2U 1+2u

1+u 1+u 0+u 1+2u 0+2u
(x) 0 1 u 1+u
0 0 0 0 0

1 0 1 Lu 1+1u
u 0 Lu u? Lu+u?

1+u 0 1+lu | lu+u® | 1+u?

Bai tip 6. Tim dang nhan tir héa ctia da thic trong R[x]:
f(X)=1+x+3x"+2x> +3x" +x° + X°
Giai: Ta thly x =0 khong 1a nghiém ctia phuong trinh f (x)=0 (1), nén ta

chia ca 2 vé clia phuong trinh (1) cho Xx*, phuong trinh tré thanh:
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1

1 3
=+ +=+ 243+ X +x° =0
x* X X

=25 +ij+(x +ij+3(x+1j+2:0
x® X

= x+1 —3( lj ( —j —2+3(x+1j+2:0
X X X
(i) -

S| X+— X+
X

2
= x+1 (x+£+1J:O.
X X

Bai tap 7. Biét rang da thiic ¢6 hé s6 phuic sau day
f () =1-3i+9ix —(5+6i)x* + 2x°

c6 mot nghiém sd thyc. Tim dang nhén tir hoa cua f (x) trong C[x].

Giai: Dé dang kiém tra f ( ) c6 mot nghiém so thuc 1a X = %
- Dung Hoocne:
‘ 2 —(5+6i) o 3+l
1 . .
XZE 2 —4—6i —2 + 6i 0

suyra f(x)= (x—%)(xz—(2+3i)x—1+3i).
- Xét g(x)=x*—(2+3i)x-1+3i
Lap A=[—(2+3i)] —4(-1+3i)=-1=1"

X, =1+2i

Khi d6 g(x) c6 2 nghiém la { _
X, =1+1
Vay dang nhén tir héa cua f () trong C[x] la:

1

f(x):Z(X—Ej(x—l—Zi)(x—l—i).
Bai tap 8. Tim dang nhan tir hoa cuia cic da thirc sau day trong C[x]:
a) 1+i+X+X’;
b) 1+ x—x* —x*;

c) X* +i;
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d) x> —4i+3;
e) x° +1.
Giai:
a) 1+i+x+x* = (1+x2)+(i+x) = (x=1)(x+i)+(i+x)
=(x+i)(x+1-i).
b) 1+ x—x>—x* :(x+1)—x3(x+1):(x+1)(1—x3)

J3

2-_2__-:2_1_':2_1 —_i)?
c) X*+i=x"—(-i)=x 2( 2i)=x 2(1 i)

d) X° —4i+3=3 ~(~4+4i+1) = X"~ (2i)" + i +1]
=x? —(2i+1)" = (x—2i —1)(x+2i +1).
e) x5+1:(x+1)(x4—x3+x2—x+1)

Xét f(x)=x"—x"+x*—x+1

— (x+1)(1-X)( 1+ x+1) = (x+1)(x—1)[x+%+7i](x+%—ﬁi .

Ta thdy x =0 khong la nghiém cta f(X)=0, nén ta chia cd 2 vé cta phuong

trinh cho x?, ta dugc phuong trinh sau:

x2—x+1—l+i:0 <:>(x2+ 2)—(x+—)+1:0

X X

2 2
= x+1j —2—(x+lj+1:0 <:>(x+1 —(x+1j—1=0
X X X X

1 1+45

X+—=
- X 2
L1 145
X 2

Vay x° +1=(x+1)(x2 —1+2\Ex+1}(x2 —1_£Ex+1j.
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Bai tip 9. Tim dang nhan tir hoa ciia cic da thirc sau day trong R[x]:
a, x*+16;
b, 1+ x%;
c, 1+ x* + x%:
d, 1+4x+8x% +4x3 + x*.
Giai:
a, x*+16 = x* +8x* +16—8x*
:(x2 +4)2 —8x*
:(x2 —2«/§x+4)(x2 +2\/§x+4).
b, 1+x® =1+2x* +x® —2x* = (1+ x“)2 —2x*

=(l—x2 2 +x4)(1+ X*\2 +x“).

C, 1+ x* +x® =1+2x* +x® —x* :(1+x“)2—x4
:(1+ X2 +x“)(1—x2 +x4)
:(1+ 2x% + x* — 2)(1+2x2 +x4—3x2)

[1+x = J[ux)—sxz}

1 X+ X )(1+x+x )(1—x\/§+x2)(1+x\/§+x2).

d, Gia st
1+4x+8x* +4x> + x* =(x2 + Ax+ B)(x2 +Cx+ D)
=x"+(A+C)x’+(D+AC+B)x’+(AD+BC)x+BD(*)
(voi
0+ AB,C,DeR)
Khi d6 ta co:
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A+C=4 C=4—A (1)
1
D+AC+B=8 gHA(4-A)+B=8 (2)
Rt
AD+ BC =4 —+B(4—A):4 (3)
1
D== 4
BD =1 B )

Giai phuong trinh (2), ta duoc:

%+A(4—A)+B:8 & 1+ AB(4-B)+B*-8B8=0 (5)

Giai phuong trinh (3), ta dugc:

§+B(4—A)=4<:> A+B?(4—A)-4B =0

< A+4B*—AB*-4B=0
& A(1-B?)-4B(1-B)=0 (6)
Dé dang kiém tra duoc B =1 khong phai 1 nghiém ciia hé phuong trinh.
Véi B #1 ta duoc:
(6) < A(1+B)-4B=0

SA-2 (B2 (7)

Thay (7) vao (5) ta duogc:
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16B*>  16B°

+ - ~+B?-8B=0
1+B  (1+B)

& (1+B)’ +16B*(1+B)-16B° + B*(1+B)* ~8B(1+B)" =0
1+2B+B? +16B? +16B° -16B° + B* +2B° + B -8B -16B* ~8B° =0

< B*-6B*+2B*-6B+1=0

< B? BZ—GB+2—E+i =0
B B2

= Bz+i2j—6(8+£j+2=0(8¢0)
B B
2
= B+£j —6(B+£j=0
B B
= B+EJ(B+£—6J:O
B B
_B 1—0
57 {BZH:O (VN)
= 1 S &
B4t _6=0 B°-6B+1=0
L B
A=2+2
B=3+22
Suy ra ta c6 cac b nghiém sau: " J_
C=2-2
D=3-22

hoac

B=3+2/2
B=3-242

A=2+2
B=3-22
C=2++2
D=3+22

Nhdn xét: Dang thirc (*) khong thay d6i khi ta thay d6i vi tri cia A va C; B va

D.

Vay 1+4x+8x* +4x> +x* =[x2+(2+»\/§)x+3+2«/§}[x2+(2—J§)x+3—2ﬁ].

2.2 Phan tich cac da thirc nguyén va cac da thirc hiru ty

2.2.1 Pa thirc hé s6 nguyén

Pinh nghia. Néu da thire f(x)=ax"+a, X" +..+aX+a, a,#0 6 cdc hé

s6 a e7Z,i=0,n thitanoi f (X) la da thirc hé s6 nguyén.

Ta ki hiéu tdp hop cac da thirc hé s6 nguyén la Z[x].

Pinh Iy 8. Néu da thirc f (X) c6 nghiém nguyén x=a thi f(x)=(x—a)g(x)

v6i §(X) la da thirc hé s6 nguyén.

Pinh Iy 9. Cho f (X) la da thirc hé s6 nguyén:
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f(x)=ax"+a, X" +..+ax+a, (ai e Z;i =ﬁ), a,b la hai s6 nguyén
khac nhau. Khi do: f(a)-f(b):(a-b).

Chirng minh:

Ta co: f(a)=aa"+a,,a" ' +..+aa+a,
f(b)=ab"+a, b +..+ab+h,

Suyra f(a)-f(b)=a,(a"-b")+a,,(a" ~b"")+..+a (a~h)
Mit khac, a“ —b* =(a-b)(a** +a“?+...+b**) i (a-b) (véi Vk eN)
Nén f(a)—f(b):(a—b) (dpcm).
2.2.2 Pa thirc hé sd hiru ty
Pinh Iy 10. Cho da thtrc hé s6 nguyén
f(x)=a,+ax+..+a,x" eZ[x].

Néu x :Ep’ voi UCLN( p,q)zl, g+ 0 la nghiém hiru ty cua f (X) thi p | a,
vaq| a,.
Ching minh:

Gia st phan so tbi gian P nghiém cua da thire (). Khi do ta co:

p p" p" p
fl -|=0ea,.—+a,_,.—+..+a.—+a,=0
[qj q gt T T
<ap'+a ,pg+..+apgt+a,q" =0 (1)
Tu (1) ta co:
a,p" =-q(a,,p" +..+a,pg" " +a,q"") (2)
va  aq'=-p(a,p"+a,,p"lq+..+aq"") (3)

Tu (2) suyra a,p":q ma (pn,q)zl nén a :q.

Tur (3) suyra 0" i p ma (p",q)=1nén a:ip. (dpem)
Vidu: Phan tich f (x)=2x®+3x* -1 trong Q[x].

Giai: Néu f(§j=0 thi p‘(—l) va q|2.
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Do d6 p=+1va q==+1 hoac +2. Khi do Ee{il; +

q

}

N |-

Do f(1)=4, f(-1)=0nén f(x)ix+L1.

Thuc hién phép chia ta dugc f (X) = (X +l)(2X2 + X —1)

. 1 ,

Tam thirc bac hai 2x* + X —1 ¢ hai nghiém 14 x =—1 va X = 2 nen ta co:

f(x) :(x+1)2(2x—1).

Trong dinh 1y trén néu a =1 ta c6 hé qua sau:

H¢ qua 1. Cho da thirc p(X) e Z[X] v6i hé tir cao nhat bang 1. Khi d6 nghiém
hitu ty (néu c6) ciia f (X) la nghiém nguyén va hé sé6 nguyén nay la wéc cia so6 hang tw
do.

Pinh Iy 11. Néu phan sé téi gidn P la nghiém cua da thirc

q

f(x)=ax"+a, X" +..+ax+a,eZ[x] va meZ thi p—mg|f (m).

Chimg minh: Gia st g la nghi¢m cita f (), tirc 1a f (gj 0.

Giatri f(x) tai x=m la:

f(m)=a,m" +a m"t+.+am+a,—f (Ej

q

n n-1~n-1 n-1
[mp_j[m ¢ —p ja{MJ
q q q

:(mq—p)(anin+a”%pr‘l+...+ﬁj
q q q

=q".f(m)=(mg-p).A (*)

Do (p,q)=1nén (mg-p,q)=1=>(mg—-p, q")=1.
Tir (*)suyra f(m)imq—p hay p—mg|f(m) (dpcm).
Pinh Iy 12. (B6 dé Gauss). Cho da thirc véi hé s6 nguyén
f(x)=a,+a,+..+ax" €Z[x].
Néu f(X) c6 thé phdn tich dugc trong Q[x] thanh f(x)=g(x)h(x) véi
9(x), h(x) e Q[x] thi f(X) ciing phan tich dwoc trong Z[x].
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Mot cach twong dwong, néu da thire f (x)eZ[x], bdc n>1, bdt kha quy trén
7. thi ciing bat kha quy trén Q.

Chirng minh:

* Nhén xét: Mot da thirc f(x)e Q[x] ludn luon viét dwoc dwdi dang tich ciia
mét phdn sé t6i gian va mét da thike c6 cdc hé s6 nguyén to ciing nhau. Mot da thirc
nhu vay duoc goi la da thirc nguyén ban.

That vay, gia su:

f(x)=ﬁ+i+...+ﬁx ., a,b €Z trong d6 cac hé s6 hitu ty cia f(x) ¢

b, b b, "
dang phan s6 téi gian.
Pat q=bp..b, taco f(x) :ég(x), a(x) e Z[x].
Goi p 1a udc chung 16n nhét ciia céc hé tir cia g(X) ta dugc g(x)= pf " (x),
véi f7(x) 1 da thirc nguyén ban. Tir do f (x) :Ep £(x).
Gia st f(x)=g(x)h(x) Ia sy phan tich trong Q[x]. Theo nhén xét trén ta co:
t st

f :Eg*(x)vh*(x):Eg*(x)h*(x), trong d6 g (x), h"(x) la nhimng da thirc

nguyén ban.
bé chtirng minh dinh 1y, ta ching minh réng uv|st béng cach ching minh r?mg
khong c6 uéc nguyén to p clia UV c6 thé chia hét cho moi hé sé cua g”(x)h"(x).
That vay, gia su
9 (x)=b, +...+bXx",
h'(x)=cy+..+¢X.
Chon mot udc nguyén t6 p cta uv. Do g"(x)h"(x) 1 nguyén ban nén phai c6
nhitng h¢ s6 du tién b,, ¢, khong chia hét cho p. Hé s ctia X** cua tich g”(x)h"(x) la

(04Crss +-o b iC ) +DC + (B €y .+ b, Co ).

r+s r+l

Céc tong & hai ddu ngodc déu chia hét cho p, nhung b.Cc, khong chia hét cho p

r+s

nén hé sb ctia x™*° khong chia hét cho p. Diéu nay ching to p khong 1a udc chung cua

cac hé so cuia tich g”"(x)h"(x). Béi véy, p phai 1a uéc cua st.
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Suy ra uv|st, va do dé f(x) phan tich dugc trong Z[x].
Ménh @& 2. Mt da thire bdc 2:
ax’ +bx+ceZ[x], a=0
véi biét s6 b® —4ac < 0 la bat kha quy trong Q[x].

Chirng minh:

That vy ax’ +bx+c e Z[x], a=0 la kha quy trong Q[x] néu va chi néu né
c6 nghiém sb hiru ty, tirc 13 ¢6 cac s nguyén «, B3, v, 8 € 7 sao cho
ax’ +bx+c=(ax+ B)(yx+38)=ayx’ +(ad + By)x+ Bo.
Khi d6, b* —4ac =(as+ fy) —4ayps =(as - py)’ >0.
boi véi nhitng da thirc c6 hé¢ $6 nguyén voi bac n > 1 bat ki, trong mat $6
truong hop, ta ¢ thé sir dung tiéu chuan bat kha quy trong Q[x] sau day, goi la Tiéu

chuan Eisenstein.

Pinh |y 13. (Tiéu chudn Eisenstein). Pa thirc véi cdc hé so nguyén
f (X) =a, +X+...+aX, (n >1) la da thire bat kha quy trong vanh da thirc hé sé hitu
ty Q[x] néu ton tai s6 nguyén t6 p théa man dong thoi:
ip|a (i=0,n_—1)
ip1a,
iii) p* f a
Chirng minh:
Gia su f(x) kha quy trén Q. Khi d6 theo dinh Iy 12 n6 ciing kha quy trén Z,
f(x)=g(x)h(x)
g(x)=by+b +..+b X", O<r<n, beZ
h(x)=c,+¢ +..+bXx°, O0<s<n, ¢ eZ
Theo gia thiét, p chia hét cho a, =b,c,. Tuy nhién, vi p’>/a nén chi c6 mot
trong hai s6 by, C, chia hét cho p, chang han b;: p.

Do p khong chia hét cho &, =b.c, nén p/b..
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Gia str b, 1a h¢ sb déu tién cia g(X) khong chia hét cho p. Khi d6 tir dang thirc
a, =(,C +bC; +..+b ¢ )+bc, tasuy ra bC,: p vi a va tong trong dau ngodc
chia hét cho p.

Vic,Z pnénb, :p, didunay trdi v6i gia thiét vé b,.

Ménh dé 3. (Tiéu chudn bt kha quy thu gon). Cho p la mét s6 nguyén 16 va
da thirc f(X)=a,+aX+...+a,X" €Z[X], cé da thicc T(x) twong ing

f(x)=a,+ax+..+axeZ[X]

sao cho f(x)= 0 va béc ciia f(x) bang bdc ciia f(X). Khi @6, néu t(x) la da thirc
bat kha quy trong 7.,[x] thi f(X) bdt khd quy trong Q[X].

Chirng minh:

Giasu f(x)=u(x)v(x), u(x),v(x)eZ[x].

Khi do ?(x) = G(x)\_/(x), G(x), \_/(x) eZ,[x].

Do deg f =deg f nén degu =degu va degv = degv.

Néu f(x) bét kha quy trong Z [x] thi u(x) hodc v(x) 14 phan tir kha nghich
trong Z ,[x], chang han u(x)eZ [x], u(x)=0.

Vi thé degu(x)=degu(x)=0, nghiala u(x)eZ" va kha nghich trong Q.

Vay f(x) batkha quy trén Q.

2.2.3 Bai tap van dung.

Bai tap 1. Néu 2 1a mot nghiém hitu ty, & dang t0i gian, ciia mot da thie p(X)
v6i hé s6 nguyén, chimg minh rang p(X)=(sx—r)g(x) véi mot da thie g(x) nao do
v6i hé s6 nguyén.

r . . X
Giai: Do —, (r,s)=1 la mot nghiém hitu ty cua da thac p(x) véi hé so
S

nguyén nén ta co: p(x)= (x——)q(x).

Gia st q(x)=b,_,X"" +...+bx+h, trong d6 b € Q. Khi do:
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P(x) :(bn—z +£bn_1jxn‘l+...+(bo —Lbljx+£b0

S
Do p(X) 1a cac da thirc v6i hé s6 nguyén nén ta co: Ebo € /.
Ma (r,s)=1nén s|b,.
Lai do bo—gbleZ, ma b, € Z nén gbleZ suy ra s|b,.

Tiép tuc 1ap luan nhu vay ta duoc S| b, véimoi i=0,1,...,n—1.

Do d6 p(x) c6 thé viét lai duoc duéi dang:
p(x)=(sx=r)g(x)
voi g (X) 1a da thtrc thu dugc tur q(x) bang cach chia cac hé s6 b, cta q(x) cho s.
Bai tap 2. Ching minh rang — ¢ dang t6i gian, khong thé 1a mot nghi¢ém cua da
S
thirc nguyén p(x) trir khi (s—r) ‘ p(1). Diéu nay c6 thé dugc sir dung dé rat ngén
danh sach cac nghiém hitu ty c6 thé c6 ciia mot da thic nguyén.
. r . .
Giai: Néu —, (r, S) =1, 1a mot nghiém hiru ty cta da thirc p(X) thi theo Bai tap
S
1, p(x) dugc viét dudi dang p(x)=(sx—r)q(x),trong d6 ¢(x) la da thirc v6i hé s
nguyeén.
Thay x =1 vao dang thirc trén ta duoc p(l) = (S — r)q (l), trong d6 q (1) e /.
Loz . r 2 .
Do d6 (r— S)‘ p(1). Nhu véy, phan so t6i gian — khong thé 1a mdt nghiém cia
S
da thirc nguyén p(x) trir khi (r — S)‘ p(1).
Do d6 dé tim nghiém hitu ty ctia mot da thirc nguyén, ta chi cn kiém tra cac
AT ¢ .
phan so toi gidn —, trong d6 r 1a udc cua hé tu ty do, S 1a wdc cuia hé tir cao nhat thda
S
man (r—s)| p(1).
Bai tap 3. Chimg minh ring da thitc f(X) vé6i hé s6 nguyén khong c6 nghiém

nguyén néu f (0) va f (1) déu 1a nhitng o 1¢.
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Giai: Gia s nguogc lai rang da thue f (X)eZ[x] c6 nghiém nguyén la a trong
khi f(0) va f (1) 1a nhimg s6 1é.
Do f(0) 1a s6 hang tu do nén ala udc cua f (0) phai la s6 1é.
Lai theo diéu kién can trong Bai tip 2 thi a — 1 phai la uéc cua f (1)
Song a - 11asb chin, f (1) 1a s6 1¢ nén diéu nay 1a vé 1y.
Vay f (X) khong c¢6 nghiém nguyén.
Bai tap 4. Ching minh rang;
a, 2 1asbvoty.
b, % 1a 6 vo ty.
Giai: a, Ta thiy 32 1a mot nghiém cta phuong trinh x> —2=0.
Néu da thirc ndy c6 mot nghiém hiru ty ¢ thi theo hé qua 1, ¢ 1a mot s6 nguyén
udc cua 2.
Do d6 cac nghiém hiru ty chi c6 thé 1a +1,+2.
Lap bang gia tri
X ‘ -2 -1 1 2
X° -2 ‘ 34 3 1 30

Tir bang trén ta thdy +1, +2 khong phai 12 nghiém hitu ty cua da thuec.
Nén tat ca cac nghiém cua da thirc x° —2 phai la cac s6 vo ty.
Vay $/2 1a s6 v6 ty. (dpcm)

J2

b, Tacd —= 1a mdt nghiém cua phuong trinh 25x° —8 =0.

5
Néu da thirc nay c6 mot nghiém hiru ty P hi p| 8 va q| 25.
q

Do d6 cac nghiém hitu ty (néu c6) cua da thac nay chi c6 thé la

J_rl,iz,i4,i8,i%,ii s2:4.4,8,8

575 5 25 5 25

Dé dang kiém tra cac gia tri nay khong phai la nghiém cia da thirc 25x° —8.

Nén tat ca cac nghiém cua da thirc 25x° —8 phai 1a cac sd vo ty.
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Vay 3£ 13 56 vo ty. (dpcm)

B

Bai tap 5. Ching minh rang néu da thic
f(x)=ax’+bx+ceZ[x], (a=0)

c6 nghiém hitu ty thi it nhat mot trong ba s a, b, ¢ chin.

Giai: Gia s X, 1a nghiém hiru ty cua f (x).

Khi d6 ax? +bx, +c¢=0.

Do do (ax, )’ +b(ax )+ac =0, nghiala y, =ax 1a nghiém hiru ty ciia tam thirc
bac hai g(y)=y*+by+ac.

Hién nhién nghiém hitu ty Yy, 1a nghiém nguyén va g(y) con c6 nghiém thir
hai y,. Taco y,+Yy,=-b va y,y, =ac.

Dob,y,eZ nény,=-b-y eZ.

Do d6 abc=—-y,y, (Y, +Y,).

Vi trong ba sd nguyén Vi Yo, Vi Y, cOit nhat mot s6 chin nén abc chin va vi
vy c6 it nhat mot trong ba sb a, b, ¢ chin.

Bai tap 6. Trong vanh Q[x] ching minh rang da thic

f(x)=x>-3n*x+n°,

v6i n 1a mot sd ty nhién khac khong, 1a mot da thirc bat kha quy.

Gii: Da thuc f(X)=x>-3n’x+n’ c6 bac 3 nén f(X) bat kha quy trong

Q[x] khi va chi khi f(x) khong c6 nghiém hitu ty.

3
Tacd n=0 nén f(x)=n3(x—3—3§+1}.
n n

Pat y:E khi d6 f(y):n3(y3—3y+1).

Pt y=z-1khido: f(y)=n’(z*-3"+3)=nf(2)

Str dung ti€u chuan Eisenstein véi p =3 1a s0 nguyén t0 ta co:
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3](3,0,3)
3tl=a,
913=3,
Vay f(x) bat kha quy trong Q[x].
Bai tap 7. Tim diéu kién can va du dé da thic f(x)=x"+ px®+q 1 bat kha
quy trong Q[x].
Giai: Gia st f(X)=x*+ px®+q c6 thé phan tich dugc thanh tich duoc thanh
tich cua hai da thirc bac hai:
X+ px* +q = (X" +ax+m)(x* +bx+n).
Khi d6 so sanh hé sb & hai vé ta duoc:

a+b=0
m+n+ab=p
an+bm=0
mn=gq

m+n=p
mn = q

P@ua:OHﬂb:OVQ{
Khi d6 m va n 1a nghiém cia phuong trinh X*— pX+q=0.
Phuong trinh ndy c6 nghiém hitu ty khi va chi khi A= p?—4q 1a binh phuong
ctia mot sd hitu ty.
a=-b
Néua=0thim=nva{2n-a?=p
n®=q
Vi avan lanhing s hitu ty nén q va 2,/q—p phai 12 binh phuong cua
nhiing s6 hitu ty.
TUr céc két qud trén suy ra rang da thie X'+ px+q la bat kha quy trong Q[x]
khi va chi khi ¢, p>—4q va 2\/6 — p khong phai 1a binh phuong cua nhing s hitu ty.

Bai tap 8. Cho a ,a,,...,a, la cac s nguyén phan biét. Chimg minh ring da

thie f(x)=(x-a) (x—a,)"..(x—a,)" +1 1a bat kha quy trong Q[].
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Gidi: Gia sir nguoc lai ring f () 14 khd quy, tic 1a () 6 s phan tich thyc
su:
f(x)=g(x)h(x) voi g, heZ[x], 0<degg, degh < 2n.
Vi f(x) khong c6 nghiém thuc nén g(x), h(x) cling khong ¢6 nghiém thyc,
do d6 chung khong d6i dau.
Gia st g(x)>0, h(x)>0 (Vx).
Vi f(a)=1nén g(a)=h(a)=1 (i=12,..,n).
Suy ra degg =degh =n (vi néu cé da thirc nio c6 bac bé hon n thi da thic d6
ddng nhat bang 1, vo 1y).
Vay g(x), h(x) co6 dang:
g(x)=1+a(x-a)(x—a,)..(x—a,),
f(x)=1+b(x—a,)(x-a,)..(x—a,)

So sanh hé s0 cao nhat va h¢ s6 ty do cua hai vé cua dang thuc

trong d6 a, b eZ.

f(x)=g(x)h(x) tadugcab=1val+(-1)"a..a,(a+b)+a’..a’ =1+a’..a’.
Suyraab=1vaa+b=0.
R6 rang 1a khong ton tai nhitng s6 nguyén nhu vay.
Do d6 f(X) la da thire bat kha quy trong Q[X].
Bai tap 9. Tim nghiém hiru ty cta cac da thuc:
a, 2 +3x* +6x—4:
b, X° + 2x* + 6x° + 3x* —12x — 48.
Giai
a, bat f(x)=2x+3x*+6x—4
+Cacudccia 8, =4 1a p e{irl; +2; i4}.

+Cécudccla @, =2 la qe{+l; £2}.
Lap phan sb Be{+— +1, +2; +4}
q

+Tinh (1), f(-1)
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2 3 6 -4
x=1 2 3 9 -5# 0
X=-1 2 1 5 -9+ 0
=> +1 khong phai la nghiém hiru ty cta f (X)

. p—q| f(1
Kiém tra P_ 1 thoa man ‘ ( )
q 2 p+q]| f(-1)

+ Dung Hoocne:

2 3 6 -4
X :1 2 4 8 0

Suy ra f(x):(2x—1)(x2+2x+4)
+ Xét g(x)=x*+2x+4 khong c6 nghiém hitu ty.

R 1o
Vay X =3 1a nghiém hitu ty cua f (x).
b, Bat f(x)=x"+2x"+6x>+3x" -12x—48
+Cac udc clia a, =48 la pe{+l; +2; £3, +4; £6; £8; £12; +16; +24; £48}.
+ Céc ude cua a, =1 1a q e {+1}.
Lap phan s6 P {1, £2; +3, +4; £6; £8, £12; +16; + 24; +48}.

q

+Tinh £ (1), f(-1)

1 2 6 3 -12 —48
x=1 1 3 9 12 0 -48 = 0
X=-1 1 1 5 -2 -10 -38 =0

=> +1 khong phai 1a nghiém hitu ty cua f ().

p-al f(1)
p+al f(-1)

Kiém tra P khong c6 s6 nao théa man {

Vay f (X) khong c6 nghiém hiru ty.
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Bai tap 10. Chimg minh rang da thic X*+3X°y? + 2X°y +xy* + 7y +y* 1a bat
kha quy trong Q[x, y].
Giai: Taco y la phan tr nguyén to trong Q[y] vi Q[y]/(y)z Q.
Xét da thire X° +3x°y? +2xy +xy* + 7y + y* xem nhu 1a da thiic an X lay hé tir
trong Q[y].
f(x)=x* +(3y2 + y)x2 +y* X+Ty+y°
Str dung tiéu chuan Eisenstein voi p=y 1a s6 nguyén t6 ta co:
y| (8y*+y, y' 7y+y?)
yfl=2a
Y H Ty +y* =4,
Vay da thie f(x) bat kha quy trong Q[y][x]=Q[y,x]=Q[x,y].
Bai tip 11. Dung tiéu chuan Eisenstein chiimg minh rang cac da thirc sau la bat
kha quy trong Q[x]:
a, 3x® —4x° +8x° —~10x +6;
b, x* —x* + 2x+1:
c, x* —13x® + 45x* —61x + 25;
d, xX* +x+x> +x+1.
Giai:
a, f(x)=3x"—4x°+8x"—-10x +6
St dung tiéu chuan Eisenstein voi p =2 1a s6 nguyén td ta co:
2| (-4.8,0,0,0,-10, 6)

213=a,
41 3=a,

Vay f(x)=3x*—4x° +8x* —10x+6 bat kha quy trong Q[x].
b, f(X)=x"=x>+2x+1

bat t = x—1 khi do:
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f(x)=(t +1)4 —(t +1)3 +2(t+1)+1
=t* + 4% + 6% + 4t +1-t° - 3t* -3t -1+ 2t +2+1
=t*+3t°+3t° +3t+3=g((t)
St dyng tiéu chuan Eisenstein voi p =3 1 s6 nguyén t6 ta co:
3/(3,333)
31l=a,
913=a,
Suy ra g(t) batkha quy trong Q[x].
Vay f(x)=x"-x*+2x+1 bat kha quy trong Q[x].
¢, f(x)=x"-13x>+45x* —61x+25
bat t = x—1 khi do:
f(x) =(t+1)" ~13(t+1)’ +45(t +1)° —61(t +1)+ 25
=t* +4t° + 6t° + 4t +1-13t> —39t* — 39t — 13+ 45t° + 90t + 45— 61t — 61+ 25
=t*—ot® +12t* -6t -3=g (t)

Str dung tiéu chuan Eisenstein voi p =3 1a s6 nguyén to ta c6:
3] (-9,12,-6,-3)
3tl=a,
91-3=4,
Suy ra g(t) batkha quy trong Q[x].
Vay f(x)=x"-13x>+45x* —61x + 25 bat kha quy trong Q[x].
d, f(x)=x"+x>+x*+x+1
bat t = x—1 khi do:
f(x) = (t+1)4 +(t +1)3 +(t+1)2 +(t+1)+1
=t 47+ 6t + A+ 14+t BT+ B+t 2t 1t 1L
=t*+5t> +10t* +10t + 5= g (t)

Str dung ti€u chuan Eisenstein véi p =5 1a sO nguyén to ta co:
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5| (5,10,10, 5)
511=a,
2515=a,
Suy ra g(t) bat kha quy trong Q[x].
Vay f(x)=x*+x*+x>+x+1 bat kha quy trong Q[x].
2.3 Phén tich da thirc trén truwomg hiru han
2.3.1 Mt s6 tinh chét ciia treong hiru han
Pinh nghia 1. Truong hitu han la truong c6 hitu han phan tir.
Pinh Iy 14. Néu F la truong hitu han thi ddc s6 cia F la mét sé nguyén to.
Chirng minh: Ta c6 dac s6 cua truong hoac 1a 0 hoac 1a mot sb nguyén.
Gia st F 13 truong hitu han c6 dic s6 0 thi F chira truong con nguyén té ding
cau voi Q.
Nhung Q 1a trudng v han nén trudng con nguyén té cia F 1a vo han nén
truong con nguyén td cta F 14 vo han (mau thuin).
Vay dic s6 cia truong hitu han 1a mot s6 nguyén t6.
Dinh nghia 2. (Trudng phan ra cia mot da thirc)
i) Cho K la truong va f (X) la da thitc bac n>1 trén K. Khi do, truong E chira
truong K nhu truong con, duoc goi la trwong phén ra cia da thirc f (X) trén K néu
f (X) c6 diing n nghiém (ké ca nghiém béi) trong E va E 1a truong toi thiéu chira K va
cac nghiém cua f (X)
ii) Cho da thirc f(x)=a,+ax+a,x*+...+a,x" € K[x] ta goi da thirc sau ddy
la dao ham cua f(X): f'(x)=a,+2a,X+..+nax"".
Dinh ly 15. Cho F, la truong hitu han thi véi moi a € F, ta déu cé a® =a.
Ching minh: Véi a=0 thitacé a =a.
Vé6i a =0 thi s phan tir ciia nhom nhan F; 1a q-1.
Suy ra ‘Fq*‘ =q-1.
Khi d6 véi moi ae F; tadéuco a®' =1 hay a’ =a.

Vay a’=a véimoi acF,.
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Dinh ly 16. Cho truong hitu han F, va K la truong con cua F, thi da thirc

X! —x trong K[Xx] ¢ su phdn tich trong F [x] 1a x*—x=][(x-a) va F, la truong

acF

phan ra cua da thire X% — X trén K.

Chirng minh: Theo dinh 1y 15 ta cé a®—a voéi moi ae F, hay a la nghi¢m
cua da thic x* —x.

Ta viét q phén tr cua Fq la a, a8y

Khi d6 mdi da thic x—a € F,[x],i=12,..,q déu la uéc cia da thuc x* —X,
hon nira céc da thic X-a €F,[x],i=12..q nguyén to cung nhau nén tich
(x—al)(x—az)...(x—aq) cling 1a wéc ctia x* —X.

Do da thitec (x—a,)(X—a,)...(x—a, ) c6 bac la ¢ nén ta co

X' —x=(x-a)(x-a,)..(x-a,).
Vay F, 1a truong phan ra ctia da thire x* —x trén K.
DPinh ly 17. Nhom nhdn cua truong hitu han la nhom xyclic.
Chirng minh: Gia st F 13 mot truong hitu han gdm ( phan tu.

bat h= ‘F*‘ =(g—-1. Néu h=1 hodc h 1a sd nguyén t6 thi rd rang F” 12 nhém

xyclic.

Do d6, ta c6 thé gia st h 13 s6 nguyén duong 16n hon 1 va khéng 1a sé nguyén
6.

Gia st h=p®..p™, v6i m>2, p nguyén t6 khac nhau doi mot,
a, €N, Vi el,_m.

h
: h o LA . h . .
Khi d6, — <h va da thitc x” —1 cé khong qua — nghiém trong F ', suy ra
i Pi
h
ton tai 8 € F~ sao cho a® #1.

h
Dit b, =a"" . Ta s& ching minh || = p“.
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h pll 1
Taco b =a"=1va b =1 vinéu b =1 thi 1=b"" :[a.p'“'] —a” (mau

thuan).
Do d6 |b.|‘ p va |b|#1 suyra|b|=p/, 1< p<a.
L,
Mit khac, b =a” =1. Vivay [b|=p*.

Pat b=hb,..b . Khi d6, do p,, v6i i el m la cac sé nguyén t& khac nhau doi

*

“ —h=|F".

"Fm

mot va F giao hoan nén |b|=|ob,..b, | = p*..

Viy F" =(b).

Heé qua 2. Mdi nhém con hitu han ciia nhém nhén ciia mét trwong la mot nhém
xyclic.

Chirng minh: Gia sit F 13 mét truong va G 13 mot nhom con hitu han cdp n
ctia nhom nhan F.

Xeét truong hop char F = p=0. Goi F, 1a truong con nguyén t cta truong F.

Vi |G| =n nén moi phan tir cia G déu 1a nghiém ctia da thire X" —1.

Do d6, moi phan tir cia G deu dai s6 trén F,, suy ra F (G) 1a m¢ rong hitu

han, dai s6 trén F,, dodo F (G) la mot truong hitu han.
Theo dinh 1y 17, (F,(G)) 12 mot nhom xyclic.

Vi vay, G la mot nhom con xyclic cia nhom (Fp (G))*.

Xét truong hop charF = 0. Vi tat ca n phan tir cia G déu 1a nghiém cua da thuc
x" =1 va da thitc x" —1 bac n cd khéng qué n nghiém nén G la tap nghiém cua da thic
x" —1. Lap luan twong tu nhu chirng minh dinh ly 16 (¢ do, h dugc thay boi n), ta cd
G 1a mot nhom xyclic.

Pinh nghia 3. Méi phan tir sinh ciia nhém xyclic Fq* dwoc goi la mét phin tiv

nguyén thuy cua F,.
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2.3.2. Pa thirc bat kha quy trén truong hiru han

B6 dé 2. Cho f (x)e F, [X] la da thirc bat khd quy bdc m trén F, va n la mot
$6 nguyén dwong. Khi dé, f (X) chia hét X© —X néu va chi néu m chia hét n.

Chirng minh:

(=>) Gia st f(x) chia hét x* —x. Goi a 1a mdt nghiém ciia f (x).

Khi d6, " —a=0 suyra aeF,,. Dodé, F,(a)cF,.

Mgt khéc vi | F,(@):F, |=m nén F, («)=F, cF, tasuyram|n.

(<=) Nguoc lai, gia su m| Nn. Goi o la mdt nghiém cua f(x) nam trong
truong phan ra cua f (X) nén F .

F ..

q

Khi dé, | F,():F, |=m suyra F,(a)

Vim|n nén F.cF..

Do dé aeF, suyra o' —a=0.

Vivay @ la mot nghiém cia da thire X" — X, kéo theo f (x) | x¥ ~x.

Dinh 1y 18. Gia sir f(x)eF,[x] la da thirc ¢6 bac n thi T(X) la da thirc bt
kha quy trén F, néu va chi néu:

f (x)‘(xqn —x) va gcd( f (x),xqi —x)zl voi i=1,2,3..[n/2]

Chirng minh:

n

(=>) Néu f(x) bat kha quy trén F, thi theo bo dé 2, ta c6 f(x)‘ (xq —x) va

gcd( f (x),xqi —x)zl, voi i=1,2,..,[n/2].

(<=) Néu f(x) kha quy trén F, thi f(X) c6 nhan tr g(X) bét khd quy trén

Gia sir degg(x)=m va m<[n/2].
Theo bd & 2, ta co g(x)‘ (xqm—x), do d6 gcd(f(x),x“m—x);tl (mau
thuan).

Vay f(x) batkha quy trén F,.
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Pinh ly 19. Cho f(x)e F,[x] ld da thircc bdc n > 1. Khi db, cdc diéu kién sau
tuwong duong:

i)f (X) bat kha quy trén Fy

II)(CX+d)degf )f(;}::gj bat kha quy, trong do a,b,c,dqu sao cho

ad —bc #0.
Chirng minh: Trudc hét ta ¢ nhan xét:
(+) Cho f(x)=a,+ax+a,x*+..+ax" lada thirc bac n trén F,. Khi do:

(cx-+d)™™ f[ax+3j=(cx+d)“ f(aXerj:Zai(axm)‘ (cx+d)”

CX + cx+d =

cling la mot da thirc trén F,.

(+) Néu f(x) bat kha quy va ad —bc =0 thi (Cx+d)degf )f(gx+3j la da
X+

thirc ¢6 bac n.
Bay gio ta s€ chitng minh (i) < (ii):

ax+b
cx+d

q

(<) Gia st (Cx+d)degf g f( ] bat kha quy trén F..

Néu f(x) kha quy thi f(x) dugc phan tich thanh it nhat hai nhén tir bat kha
quy.

Gid sir f(x) latich cuia m nhan ti bat kha quy trén F,, véi 2<m<n. Do do,
f(x)=f,(x) f,(x)...f,(x), trong d6 f,(x), f,(x),..., f,(X) 1a cac da thirc bat
kha quy trén F, va deg f,(x)=k =1, degf,(x)=k,>1,..deg f (x)=k,>1 sao cho

k +k,+...+k,=n. Taco:
(Cx+d)degf 9 ¢ ax+b =(cx+d)” f ax+b i ax+b o ax+b
cx+d cx+d cx+d cx+d

| (ena) o 250 oo 1 220 oxra) 1, 22

Theo nhan xét trén, ta co:
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(cx+d)* fl[a“g} (cx+d)* fz(ax+b],...,(cx+d)k”‘ fm(aXerje F.[x]

CX+ cx+d cx+d

va 1an luot c6 bac 1a K, Kyyoory Ko

ax+b
cx+d

Tasuy ra (CX +d )deg ) ¢ ( ] kha quy (mau thuan).

Vay f(x) béatkha quy trén F,.

(=) Giast f(X)=a,+ax+a,x +..+a,x" batkha quy trén F,.

Do ad —bc #0 nén ged (ax+b,cx+d)=1.

ax+b
cx+d

Goi y la nghiém cua (CX+ d)deg ) f ( J nam trong trudng phan ra cia

(cx+ d)Olegf )f(stFSJtrén F..
X +

Khidé ay+b=0vacy+d=0.

Pt 4= D (1)
cy+d

ay+b
cy+d

Taco: (cy+d)™ "™ f( J=(C7+d)degf(x) f(1)=0 kéo theo f(1)=0.

Do d6 A la mét nghiém ciia f(x) va AeF, (1)= F..

Do (1) nén y 1a mot nghiém da thirc (ax+b)—A(cx+d), da thirc nay c6 bac

Do dé yeF,(4). Rérang AeF, (7).

q

vivay [F(r):R J=[ R (4):F J=n

Theo nhan xét trén (CX +d )degf o (

Ta duge F,(4)=F, (7). Matkhic, [ F,(2):F, ]=| F, :F, |=

ax+b
cx+d

] co bac n.

ax+b
cx+d

q

Vay (cx+d )degf f ( j bat kha quy trén F,.
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Pinh 1y 20. Cho f(x)eF,[X] la da thic bgc n > 1. Néu f(X) bat kha quy
trén F, thi:

i) Tong cdc hé tir ciia f (X) khac 0.

i) ged( f(x), f'(x))=1.

Chirng minh:

i) Gia str tong cdc hé tir cua f (X) bang 0 suy ra 1 la nghiém cta f(x) (mau
thuan).

Vay tong c4c hé tir cia f () khac 0.

i) Gia s ged( f (x), f'(x))=d(x)=1.

Taco f(x)=d(x)h(x), vi degf'(x)<deg f(x) nén degh(x)>1 kéo theo
f (x) kha quy.

Vay f(x) batkha quy trén F,.

Khi g =2 ta c6 dinh 1y sau:

Pinh ly 21. Cho f(x)eF,[x]. Néu f(x) bdt kha quy trén F, thi

i) S6 cdc 56 hang cuia T (X) c6 hé s6 bang 1 la 56 Ié.

i) C6 560 hang X" ciia f(X) véi hé s6 bang 1 sao cho 2 1 m.

Chirng minh:

i) Vi F, 1a truong dic trung 2 nén cac hé s ciia cac s6 hang khac 0 cua da thirc
f (x) trén F, déu bang 1.

Do d6 sb cac s hang ciia f (X) c6 hé s6 bang 1 phai 1a s6 1& (néu 1 s6 chin thi
f(1)=0).

i) Néu f (x)=x thi hién nhién dinh 1y ding. Gia st f (x) khong c6 dang X.

Khi d0, ta c6 thé viét f(X):(Xml +x™ +...+Xm”), trong d6 m, >1, i eln.

Gid sit 2| m;, Vieln, suyram =2k, véi k €Z, Vieln. Khi do:

SVTH: Nguyén Phan Hoai Linh Trang 47



Khoa luan tét nghiép

f(X) = (X + X7 + .4+ x5 ) +1
= (xkl + X L+ X )2 +1
= (X% 4 X o+ X L) (X X L X 1)
Do d6 f(x) kha quy (mau thuan).
Vay ton tai i e1,n sao cho 2t m,.
2.3.3. Phéan tich da thirc trén trwomg hiru han
Bo dé 3. Cho g(x) la mgt da thirc trong F,[X] V& s,,S, la hai phin tir khdc
nhau cia F,. Khi dé, ged(g(x)—s,,g(x)—s,)=1.

Chirng minh: Tac6 —(s,-s,) (9(X)-s)+(s,—5,) (9(x)-s,)=1.

Do d6 ged(g(x)—s,,g(x)—s,)=1.

Bo dé 4. Cho f (X) la mét da thike ¢6 hé tir ciia bdc cao nhat la 1 trong Fq [X]

va g(X) la mot da thikc trong F[X]. Khi  do, g(X)

. thoa man

g(x)'=g(x)(mod f (x)) néu va chi néu f(x)[[(9(x)-s) néu va chi néu

squ

f () Tocd (f (x).9(x)-).

Squ

Chirng minh: Tacé X—X =] (X —s), voi X e F,[x]/ f(X).

SeF

Khi d6, ta thay X boi g(x)=g(x)+(f(x))eF,[x]/ f(x) vio cong thirc
- X =]J(X—s) taduoc

SeF

[g(x)+f (x)]q ~[g(x)+ f(x)]=T][a(x)+ f(x)-s]

Squ

Vi[g(x)+f(x) ] =[a()] +[f(x)]'=[a(x)]" (med f (x))

Va g(x)+ f (x)=g(x)(mod f (x)) nén ta co:

900 ~9(x)=[T(9(x)~s) (mod f (x))

Squ
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Do d6 g(x) théa man diéu kién g(x)* =g(x) (mod f (X)) néu va chi néu:

[T(g(x)-s).

Squ

[T(g(x)—s)=0 (mod f(x)), nghiala f(x)

Squ

Hon nita, f(x) H(g(x) S) néu va chi néu f (

Squ

x)| [ Jocd(f(x).g(x)-s).

SEF

Pinh ly 22. Cho f(X) la da thirc cé hé tir bdc cao nhat la 1 ciia Fq[x] va
9(x) la da thic cia F[x] sao cho g(x)'=g(x)(mod f(x)) thi

(x)=]Jgcd(f(x),9(x)-s)

seky
Chimng minh: Ta dé thiy rang gcd( f (x),g(x)—s)| f(x), VseF,.

Theo bo dé 3 tacé ged(g(x)—s,,9(x)—s,)=1, véi s, s, €F, vas #s,.
Vi gcd(gcd(f(x),g(x)—sl),gcd(f(x),g(x)—sz)):l nén

[ Toed(f(x),9(x)=s)] f(x)

SEF

Mit khac, theo b dé 3 va bo dé 4 ta co:

x)| [ Jocd(f(x).g(x)-s).

SeF

Vay f(x)=]]acd(f(x)g(x)-s).

SeF,

Pinh Iy 23. Cho f(x)eF,[x], trong dé q la lity thira ciia s6 nguyén t6 p va
f'(x)=0 thi: f(x)=h(x)" véi h(x)eF,[x].

Chimg minh: Lay f(x)=a,+ax+a,x* +..+aX" véi a,a,a,,..,a, €F, va
a, =0.

Khidé f'(x)=a +2a,X+...+nax""

Vi f'(x)=0nén a,=2a,=..=na,=0suyra a =0, Vi=1n

Tacla p| &, Vi=1n. Khido ta o thé viét lai cc hé tir & d6 nhu sau:

aQ=ap o
voi g e R, vVi=1n.
a,=a,p
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Vi thé ta c6 thé viét f(X) dudi dang sau: f(X)=a,+ax" +...+a,x"™.
) o:F,—>F 5 :
Xeét la mot dong cau.

b - bf

That vay:

o(a+b)=(a+b)’ =a’+b” =o(a)+o(b)

o(ab)=(ab)" =a’b’ =o(a)o(b)
Khi d6 trong F, c0 & =bP, Vi=0,n. Suy ra:

f(x) =by +bx" +...+bPx™
=bf +(bx)" +...+(b,x")"
:(bo+b1x+...+bnx”)
bat h(x)=by +bx+..+b x".
Khi d6 h(x)eF,[x] va f(x)=h(x)".
Pinh ly 24. Cho f (X) /a lily thira ciia mt da thirc bat kha quy rrén F, va gid
sit rang f'(x)=0.

i, Néu gcd(f (x), '(X)) =1thi f (X) la da thire bat kha quy.

. . f(x) ,
i, Neu gcd( f(x),f(x))=1 thi p(x la da thire bat kha
quy.
o m . degf(x)
Khido, f(x)=p(x) voi m= .
(=P i m=
Ching minh: Ly f(x)=p(x)" véi p(x) la mot da thirc bat kha quy trong
Fy [x]-

Khidé f'(x)=mp(x)"", vi f'(x)=0, gcd(f (x), f '(x))z p(x)m_l.
Néu ged( f(x), f'(x))=1thi m=L1.

Do d6 f(x)=p(x) 1a mot da thirc bat kha quy.
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Néu ged( f(x), f'(x)) =1 thi p(x)= () la mot da thire bt kha

quy.
Dinh ly 25. Mot da thirc trong 7, [X] c6 mét nhdn tir X+1 néu va chi néu né
c6 mét s6 chdn cdc hé sé khac 0.
Chirng minh: Xét da thirc v6i cac hé tir thude truong hitu han Z, [x]
p(x)=a, +ax+..+a,x",
Theo dinh 1y nhén tr, (X+1) 12 mdt nhan tir ciia p(X) néu va chi néu p(1)=0.

(Nhé rang x—1=x+1 trong Z,[x]). Bay gio

p(l)=a,+a +..+a,
(

bang 0 trong A néu va chi néu p X) c6 mot s6 chin cac hé so khac 0.

2.3.4 Bai tap van dung
Bai tap 1. Ching minh ring tong cua tit ca cac phan tir cia trudng hitu han
bang 0 ngoai trir trudng F,.
Giai: Gia st F, 1a truong hiru han va F, # F,.
Khi ¢6 moi phan tir thudc F, déu 1a nghiém cua phuong trinh x* —x =0.

Vi F, #F, néntheo Viettacé > a=0.

ack,
Bai tap 2. Ching minh ring 3 va 5 1a phan t&r nguyén thiy cua F, nhung 2
khong phai. Tim X, y {1, 2,3, 4,5, 6} sao cho 2=3"=5" trong F,.
Giai:
* Chitng minh rang 3 va 5 la phan tir nguyén thity ciia F, nhung 2 khong phai:
Ta co |F;|=6=23. Xét da thirc x*—1, d& thiy a =2 khong la nghiém ctia
x* —1.
Dit b = 2°. Xét da thiic X° —1, ta c6 a, =3 khong 1a nghiém cua da thie x° —1.
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it b, =3° va dat b=l b, =223’ =3, khi d6 |b|=23=6=|F]. Suyrab=3 la
phan tir sinh cta F,. Vayb=31a phan tir nguyén thity ctia F,.

Ta c6 s phan tr nguyén thiy cia F, 1a @(6) =2. 3“ 1a phan tir nguyén thay
trong F, khi va chi khi ged(k,6)=1, suy ra k=5 (lay k =1).

Ma 3° =5 nén 5 1a phan tir nguyén thity ciia F,. Do 2#3 va 2#5 nén 2 khong

13 phan tir nguyén thiy ca F,.

*Tim x, ye{l,2,3,4,5, 6} saocho 2=3"=5" trong F,.

Ta co:
3¥=3 5 =5
3¥=2 5’ =4
3¥=6 . 5°=6
va
3 =4 5% =2
=5 5 =3
3= 56 =

Suyra 2=3"=5%

Vay ta tim dugc Xx=2 va y =4.

Bai tap 3. Tim tat ca cac da thirc bat kha quy bac hai trén trudng Ly,

Giai: Da thuc f(x)=ax’+bx+ceZ, [x] 1a bat kha quy bac hai néu n6 khong
c6 nghiém trong Z, vanéu a 0.

Khi d6 a.f (0).f (1).f (~1) =ac| (a+c)’ ~b* | 0.

Véi b=0taco ac(a+c)2 #0, suyra a=c=1, hoic a=c=-1.

Tuong tng la cac da thirc: x* +1 va —x*—1.

V6i b=0 thia=b=c=1hoidc a=-1,b=1c=1hoac a=-1, b=-1c=1.

Tuong tng la cac da thirc: X* +X+1L — X+ X+1 X*—X—X; —x* —x+1.

Bai tip 4. Tim tat ca cac da thirc bat kha quy c6 bac nhé hon hodc bang 4 trén
Z,.

Giai: C4c da thie bac 1 1a céc da thirc bat kha quy; trong Z, [x] nhing da thirc

d6 gébm co x va x+1.
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Xét p(x)=a,+...+a,x" €Z,[x].
Néu p(X) co6 bac n, thi a, #0, va 1 la mdt nghiém néu va chi néu p(X) co
mot s6 chin cac sd hang khac 0.

Do d6 sau dy la cac da thire bac 2, 3 va 4 trong Z,[x] khong cé nhan tir tuyén

tinh:
Bac 2: X2 +x+1
Bac 3: X+ x+1
X+ X2 +1
Bac 4: X+ x+1
X'+ x2+1
X' +x3+1

X+ X3+ X%+ x+1.
Néu mot da thirc bac 2 hodc 3 1a kha quy, nd phai c6 mot nhan tir tuyén tinh; do
d6 cac da thuc bac 2 va 3 ¢ trén 1a bat kha quy.
Néu mot da thirc bac 4 1a kha quy, thi né c6 nhan tir tuyén tinh hodc nd 1a tich
ctia 2 nhan tir bac 2 bat kha quy.

Khi d6 chi c6 da thire bac 2 bat kha quy trong Z,[x], va binh phuong cua né
(X +x+1) =x* +x* +1 la kha quy.

Vay céc da thic bat kha quy bac nhé hon hodc bang 4 trén 7, la:

Bac 1: X
X+1
Bac 2: x*+x+1
Bac 3: X3+ x+1
x*+ x> +1
Bac 4: X'+ x+1
X +x3+1

X+ +x2+x+1.

Bai tip 5. Tim tat ca cac da thirc bat kha quy bac 2 trén 7Z,.

Giai: Goi f(x)=ax’+bx+c la da thic bat kha quy trén Z,.
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Do f (X) bat kha quy nén f (X) khong c6 nghiém trong 7Z,.
Suyra a.f(0).f (1)=0 hay ac(a+b+c)=0.

a=0 a=1
ac#0

Do do: &<3c#0 =<4b=1
a+b+c#0
a+b+c=#0 c=1

Vay da thie x® + x +1 14 da thirc bat kha quy duy nhét trén 7Z,.
Bai tip 6. Néu p 1a mot s6 nguyén to, chimg minh rang (x—a)‘ (Xp_l—l)
trong Z ,[x] v6i moi sé a=0 trong Z . Tir d6 ching minh rang:

xP?t—1=(x-1)(x-2)...(x— p+1) trong Z [x].

*

o ) 12 mot nhom cap p—1.

Giai: Do p 1a mot s6 nguyén t6 nén (Z

Do d6 véi moi aeZ, ta co: a" =1 hayla: a’ -1=0.

Vay moi x=aeZ, la nghiém cta da thre x** —1.

Theo chting minh trén thi da thirc x**—1 ¢ p—1 nghiém la 1,2, ,m_

Do p 1a sd nguyén té nén 7Z » 1a mot trudong.

Vi vy da thitc x"* -1 bac p—1 c6 ding p—1 nghiém nhu trén. Do d6:
xPH—1=(x-1)(x—2)...(x— p+1).

Bai tap 7. Chung minh rang (n —l)! =—1 modn néu va chi néu n 1a sd nguyén

Giai: Gia sir n 13 s6 nguyén t6. Khi d6, theo Bai tap 6 ta co:
X" -1=(x-1)(x-2)..(x—n+1) (modn) *)
Thay x =0 vao dang thtrc (*) ta dugc:
(n-1)l=-1 (modn)
Nguoc lai, gia su (n —1)! =-1 (modn). Ta ching minh n 1a s nguyén to.
That vdy, néu n 1a hop so thi ton tai hai s6 a,be{2,3,...,n-1} sao cho
ab=n, nghiala ab=0 (modn).

Do d¢: (n-1)!'=1.2...(n—1)=0 (modn), trdi véi gia thiét.
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Bai tip 8. Chimg minh da thic P(x)=x"+4x*+2x*+5x—7 la bat kha quy
trén Z,[x].

Giai: Trong Z,[x] ta dugc P(x)=x°+x*+1.

Gia st I3(x): f(x).9(x), véi f, geZ,

Néu deg f =1 hodc degg =1 d& thdy 1a vo 1y vi P khong c6 nghiém trong L.

Suy ra P(x)=(x* +ax+b)(x*+cx’ +dx+e), véi a, b, ¢, d, e € Z,.

Dong nhat h¢ so hai vé ta dugc diéu vo ly.

Vay da thirc P(x)=x* +4x* + 2x* +5x—7 1a bat kha quy trén Z,[x].
2
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Phin 3. KET LUAN

Khoa luin nay di nghién ctru sy phan tich da thirc trén cac truong sb. Noi dung
ctia khéa luan ndy gdm hai chuong:

Chuong 1: Kién thtrc chuén bi. Trong chuong nay, trinh by mét sé dinh nghia,
tinh chit ciia mién nguyén, trudng, vanh da thirc va da thirc bat kha quy. Tl nhitng két
qua d6, tim hiéu vé su phan tich da thirc trong mdi trudong khac nhau & chuong 2.

Chuong 2: Phan tich da thic trén cac trudng sd. O chuong nay lam rd céc tinh
chét cta da thirc trén cac trudng sd va dua ra mot sd tiéu chudn dé phan tich da thire

trén cac truong so.
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